ALGEBRAIC APPROACH TO g, ^-CHARACTERS 



DAVID HERNANDEZ 



Abstract. Frenkel and Reshetikhin introduced g-characters to study finite dimensional representa- 
tions of the quantum affine algebra Uq{^). In the simply laced case Nakajima I11II12I defined deforma- 
tions of (jf-characters called t-characters. The definition is combinatorial but the proof of the existence 
uses the geometric theory of quiver varieties which holds only in the simply laced case. In this article we 
propose an algebraic general (non necessarily simply laced) new approach to q, t-characters motivated 
by the deformed screening operators [s]. The t-deformations are naturally deduced from the structure 
of Uq{Q): the parameter t is analog to the central charge c G Uq(^). The g, t-characters lead to the 
construction of a quantization of the Grothendieck ring and to general analogues of Kazhdan-Lusztig 
polynomials in the same spirit as Nakajima did for the simply laced case. 



Contents 



ll. IntrodiictionI 



E 



E 



E 



E 



E 



E 



Background! 



Twisted polynomial algebras related to quantum affine algebrad 



Deformed screening operator^ 



Intersection of kernels of deformed screening operator d 



Morphism of a. t-characters and application'^ 



Questions and conjectured 



Is. AppenTib] 

iNotationd 

iReferencesI 



1 
3 
6 

16 
24 
32 
39 
41 
45 
46 



1. Introduction 



We suppose g G C* is not a root of unity. In the case of a semi-simple Lie algebra g, the structure of 
the Grothendieck ring Rep(Wg(g)) of finite dimensional representations of the quantum algebra ^^(g) is 
well understood. It is analogous to the classical case q — l. In particular we have ring isomorphisms: 

Rep(W,(0)) ^ Rep(0) ~ Z[A]^ ~ Z[Ti, ...,T„] 

deduced from the injective homomorphism of characters x- 

xiV) = Y,^im{Vx)\ 

AgA 

where V\ are weight spaces of a representation V and A is the weight lattice. 
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For the general case of Kac-Moody algebras the picture is less clear. In the afEne case Uq{Q), Frenkel and 
Reshetikhin [5] introduced an injective ring homomorphism of g-characters: 

Xg : Rep{U,m ^ Z[y±ji<,<„,aec* = y 

The homomorphism Xq allows to describe the ring Rep(Wg(g)) ~ "ElXi^aliei.aeC', where the Xi^a are 
fundamental representations. It particular Rep(Wq(g)) is commutative. 

The morphism of g-characters has a symmetry property analogous to the classical action of the Weyl group 
Im(x) = Z[A]^: Frenkel and Reshetikhin defined n screening operators Si such that Im(xg) = f] Ker(<S'i) 

(the result was proved by Frenkel and Mukhin for the general case in [^). 

In the simply laced case Nakajima introduced i-analogues of g-characters (JUi EI)- it is a Z[i^]-linear 
map 

Xq,t ■■ Rep(W,(0)) ®z nt^] -^yt= , i±].6/,a6C' 

which is a deformation of Xg and multiplicative in a certain sense. A combinatorial axiomatic definition 
of q, i-characters is given. But the existence is non-trivial and is proved with the geometric theory of 
quiver varieties which holds only in the simply laced case. 

In [HI we introduced i-analogues of screening operators Si^t such that in the simply laced case: 

f|Ker(5M) = lHx<i,t) 

It is a first step in the algebraic approach to 9, t-characters proposed in this article: we define and construct 
g, t-characters in the general (non necessarily simply laced) case. The motivation of the construction 
appears in the non-commutative structure of the Cartan subalgebra ^^^(i)) C Wg(0), the study of screening 
currents and of deformed screening operators. 

As an application we construct a deformed algebra structure and an involution of the Grothendieck ring, 
and analogues of Kazhdan-Lusztig polynomials in the general case in the same spirit as Nakajima did 
for the simply laced case. In particular this article proves a conjecture that Nakajima made for the 
simply laced case (remark 3.10 in [El): there exists a purely combinatorial proof of the existence of 
g, ^-characters. 

This article is organized as follows: after some backgrounds in section [21 we define a deformed non- 
commutative algebra structure on yt — X\Y^^,t^]i^i^aeC* (section [^J : it is naturally deduced from 
the relations oiUq{\)) C Uq{Q) f theorem 13.1111 by using the quantization in the direction of the central 
element c. In particular in the simply laced case it can be used to construct the deformed multiplication 
of Nakajima 52] fnronosition l3.18|l and of Varagnolo-Vasserot ^21 (section |^^3|l. 

This picture allows us to introduce the deformed screening operators of as commutators of Frenkel- 
Reshetikhin's screening currents of f4j (section In [1] we gave explicitly the kernel of each deformed 
screening operator ftheorem l4.ir)|l . 

In analogy to the classic case where Im(xg) = {^V^er{Si), we have to describe the intersection of the 

is/ 

kernels of deformed screening operators. We introduce a completion of this intersection fsection f5.2|l and 
give its structure in nronosition l5.19l It is easy to see that it is not too big (lemma : but the point 
is to prove that it contains enough elements: it is the main result of our construction in theorem 15.131 
which is crucial for us. It is proved by induction on the rank n of g. 

We define a i-deformed algorithm fsection r5.7.2|l analog to the Frenkel-Mukhin's algorithm [H] to construct 
g, ^-characters in the completion of yt- An algorithm was also used by Nakajima in the simply laced 
case in order to compute the 9, ^-characters for some examples ([IT) assuming they exist (which was 
geometrically proved). Our aim is different : we do not know a priori the existence in the general case. 
That is why we have to show the algorithm is well defined, never fails flemma n5.24|l and gives a convenient 
element flemma r5.25|l . 
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This construction gives q, t-characters for fundamental representations; we deduce from them the injective 
morphism of i-characters Xq,t (^definition We study the properties oi Xq,t ftheorem l6.2|l . Some of 
them are generaHzation of the axioms that Nakajima defined in the simply laced case (52|); in particular 
we have constructed the morphism of [12] . 

We have some applications: the morphism gives a deformation of the Grothendieck ring because the 
image of Xg-t is a subalgebra for the deformed multiplication (section I6.2|l . Moreover we define an 
antimultiplicative involution of the deformed Grothendieck ring (section 16.311 ; the construction of this 
involution is motivated by the new point view adopted in this paper : it is just replacing c by — c in 
Uqis). In particular we define constructively analogues of Kazhdan-Lusztig polynomials and a canonical 
basis (theorem 16.1311 motivated by the introduction of ^^I- We compute explicitly the polynomials for 
some examples. 

In sectiondwe raise some questions : we conjecture that the coefficients of 9, i-characters are in N[i''=] C 
Z[t^]. In the ADE-case it a result of Nakajima; we give an alternative elementary proof for the ^-cases 
in section 1711 The cases 02,-82, (^2 are also checked in section |H1 The cases i^4,i3„,C„ (n < 10) have 
been checked on a computer. 

We also conjecture that the generalized analogues to Kazhdan-Lusztig polynomials give at i = 1 the multi- 
plicity of simple modules in standard modules. We propose some generaHzations and further applications 
which will be studied elsewhere. 

In the appendix (section |Sl we give explicit computations of q, ^-characters for semi-simple Lie algebras 
of rank 2. They are used in the proof of theorem l5.13l 

For convenience of the reader we give at the end of this article an index of notations defined in the main 
body of the text. 

Acknowledgments. The author would like to thank M. Rosso for encouragements and precious com- 
ments on a previous version of this paper, I. B. Prenkel for having encouraged him in this direction, E. 
Frenkel for encouragements, useful discussions and references, E. Vasserot for very interesting explana- 
tions about 221) 0. Schiffmann for valuable comments and his kind hospitality in Yale university, and T. 
Schedler for help on programming. 



2.1. Cart an matrix. A gGiiGralizGd. Cctrtciii nicitrix of rank n is db nicitrix C — {Ci,j^i<i.j<n such that 
Cij e Z and: 



Let / = {1, n}. 

We say that C is symmetrizable if there is a matrix D — diag(ri, ...,r„) (r^ G N*) such that B = DC is 
symmetric. 

Let (7 £ C* be the parameter of quantization. In the following we suppose it is not a root of unity, z is 
an indeterminate. 

If C is symmetrizable, let qi — g'"', Zi — z*"' and C(z) = {C{z)ij)i<ij<n the matrix with coefficients in 
such that: 

C{z)i^i — [Ci^i]zi ~ Zi Zj^ 

where for ^ G Z we use the notation: 
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In particular, the coefficients of C(z) are symmetric Laurent polynomials (invariant under z ^ z We 
define the diagonal matrix Dij{z) = Sij[ri]z and the matrix B(z) = D{z)C{z). 

In the following we suppose that C is of finite type, in particular det(C) ^ 0. In this case C is sym- 
metrizable; if C is indecomposable there is a unique choice of e N* such that ri A ... A r„ = 1. We have 
Bi_j{z) = [Bi_j\z and B{z) is symmetric. See or P] for a classification of those finite Cartan matrices. 

We say that C is simply-laced if ri = ... = r„ = 1. In this case C is symmetric, C{z) — B{z) is symmetric. 
In the classification those matrices are of type ADE. 

Denote by 11 C Q{z) the subgroup Z-Hnearly spanned by the qII'^X) such that P{z) G Z[z'''], Q{z) G Z[z], 
the zeros of Q{z) are roots of unity and (9(0) = 1. It is a subring of '^{z), and for R{z) G II, m G Z we 
have R{q"^) G il and R{q"^) G C makes sense. 

It follows from lemma 1.1 of that C{z) has inverse C{z) with coefficients of the form R{z) G il. 



2.2. Finite quantum algebras. We refer to ^l] for the definition of the finite quantum algebra Uq{Q) 
associated to a finite Cartan matrix, the definition and properties of the type 1-representations o{Uq{Q), 
the Grothendieck ring Rep(i^q(g)) and the injective ring morphism of characters x ■ ^^Pi^giB)) ~^ ^[ut]- 



2.3. Quantum afHne algebras. The quantum affine algebra associated to a finite Cartan matrix C is 
the C-algebra Z^g(0) defined (Drinfeld new reaHzation) by generators xf^ (i € I, m e Z), {i G /), 

hi^m {i ^ I, m e Z*), central elements c^s, and relations: 



k'j — kj ki 



kihj^rn — hjynki 



±Bii ± 



j.'m-\-m' 



^j.m' i,m+l 



C™ — C"™ 



11 \Q _i 

m ^ q — q 



7reSsfc=0..s 



where the last relation holds for all i 7^ j, s = 1 — Cy, all sequences of integers mi,...,ms. Es is the 
symmetric group on s letters. For i G / and m ^ Z, (j>f^^ G Z//q(§) is determined by the formal power 
series in^(0)[[M]] (resp. in Uq{g)[[u~^]]): 



E 



A:±exp(±(<7-g-i) ^ h,,±^,u^"'') 



m— O..CXD m' — 1..00 

and — for to < 0, 0,",^ — for m > 0. 

One has an embedding Uq{g) C ^^(fl) and a Hopf algebra structure on Uq{2) (see |5| for example). 

The Cartan algebra Uq{i)) C Uqid) is the C-subalgebra of Uq{Q) generated by the him,c^ (« G I.m £ 
Z-{0}). 
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2.4. Finite dimensional representations of Wg(g). A finite dimensional representation V ofUq{g) is 
called of type 1 if c acts as Id and V is of type 1 as a representation of Uq{Q). Denote by Rep(i^5(g)) the 
Grothendieck ring of finite dimensional representations of type 1 . 

The operators e /, m e Z} commute on V. So we have a pseudo-weight space decomposition: 



where for 7 = (7~'',7~), is a simultaneous generalized eigenspace: 

V,^{x^ Vl3p G N, V* e {1, n}, Vm £ Z, - ^f j^.x = 0} 
The are called pseudo-eigen values of V. 

Theorem 2.1. ('Chari, Pressley Every simple representation V G Rep{Uq{Q)) is a highest weight 

representation V , that is to say there is vq € V (highest weight vector) 7,^^ G C (highest weight) such 
that: 

V = Uq{s).vo , C^.Vo ^ Vq 
Moreover we have an I-uplet {Pi{u))i^i of (Drinfeld-)polynomials such that Pi{0) = 1 and: 



and {Pi)iei parameterizes simple modules in Rep{Uq{g)). 

Theorem 2.2. (Ttenkel, Reshetikhin The eigenvalues 7i(u)^ G C[[u]] of a representation V G 
Rep{Uq(Q)) have the form: 

= qdeg{Q,)-deg(Ri) Qt{uq:[^)Ri {uq, ) 

Qi{uqi)Ri{uql^) 

where Qi{u), Ri{u) G C[u\ and Qi{0) — i?i(0) = 1. 

Note that the polynomials Qi,Ri are uniquely defined by 7. Denote by Q-y,i, R-yA the polynomials 
associated to 7. 

2.5. q-characters. Let y be the commutative ring y = Z[Y^'^^]i^i^aeC' ■ 

Definition 2.3. For V G Rep(Uq{g)) a representation, the q - character XqiV) ofV is: 

xq{v) ^Y.'^im{v^) n r,;'---^-'-" G 3^ 

where for 7 G C"^^^ x C'^^^, i G /, a G C* i/ie A-y^i^a, Mt.^q G ^ defined by: 

aec* aSC* 
Theorem 2.4. (TVenkel, Reshetikhin 5 ) The map 

is an injective ring homomorphism and the following diagram is commutative: 

RepiUqm ^ m%^i.aec' 
I res IP 

Rep{Uq{Q)) ^ nvfWi 
where (3 is the ring homomorphism such that /3(Fi.a) — Ui (i I.,a £ C* ). 
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For m £ y of the form m = Yl y^^'"^ (ui^aim) > 0), denote Vm G Rep(Wg(g)) the simple module 

ie/,aec* 

with Drinfeld polynomials Pi{u) — H (1 ~ ua)"' "^™). In particular for i & I,a £ C* denote Vi^a = „ 

and Xi,a = Xqi^i-a)- The simple modules Vi^a are called fundamental representations. 

Denote by Mm € Rep(Z//<j(0)) the module Mm = ^^'»«».a(m)^ called a standard module and 

his g-character is Yl X"^''''™^ 

Corollary 2.5. fFrenkel, Reshetikhin ^) The ring Rep(Uq{Q)) is commutative and isomorphic to 

Proposition 2.6. (Trenkel, Mukhin [6j^ For i e I,a ^ C* , we have Xi^a £ ^[^'^gi]ie/,i>o- 

In particular for a e C* we have an injective ring homomorphism: 

Xq ■■ Rep<j = Z[X,^aqi]ieidez ^ 3^a = Z[r.^^,]ie/jez 
For a, & G C* denote ab^a ■ Rep^, — > Rep^ and Pb.a ■ ^ the canonical ring homomorphism. 
Lemma 2.7. We have a commutative diagram: 



Repa — > 


ya 


Ctb.a i 




RePb 


yb 



This result is a consequence of theorem 14.21 for see 0, lEI)- In particular it suffices to study xl- In the 
following denote Rep = Rep^, Xi^i = Xi^^i , y ~ yi and Xq — x\ '■ Rep y. 

3. Twisted polynomial algebras related to quantum affine algebras 

The aim of this section is to define the t-deformed algebra yt and to describe its structure (theorem 
I3.11|l . We define the Heisenberg algebra Ti, the subalgebra C and eventually J^t as a quotient 

of 

3.1. Heisenberg algebras related to quantum affine algebras. 

3.1.1. The Heisenberg algebra Ti. 

Definition 3.1. Ti is the C-algebra defined by generators ai[m] (i & I,m ^Z, — {0}^, central elements 
Or (r > 0) and relations (i, j I ,m,r G Z — {0} ): 

[a^[m],a,[r]] = <5™,-.(g" - g-™)i?.,,(g")c|„| 

This definition is motivated by the structure of in H the Cr are algebraically independent, but we 

have a surjective homomorphism from Ti, to l^q{i)) such that ai[m] ^-^ {q ~ q^^)hi,m and Cr i— > — • 

3.1.2. Properties ofTi. For j I ,m Z we set: 

iei 

Lemma 3.2. We have the Lie brackets in H ^ I ,m,r E Z): 
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Proof: We compute in Ti: 

[ai[rnUM = [ai[m],Y,CkM)ak[T\] = ^m,-.C|„|^(7fc,,(g-'")[n],n.a,fc(?'")(r - g"'") 

= 4,,5„,_,((7"'-'-(7-"'-0c|„| 

[yiH,yj[r]] = [Ec'M(9")afeH.%H] = '5rn,-.Q,,(r)(g"'^^ -«-"''Oc|r„i 

kei 

□ 

Let 7r+ and 7r_ be the C-algebra endomorphisms of H such that {i € I , m > 0, r < 0): 

TT+^ailm]) = ai[m] , 7r+(ai[r]) = , 7r+(cm) 

7r_(ai[m]) = , 7r_(ai[r]) = ai[r] , 7r_(cm) = 
They are well-defined because the relations are preserved. We set W+ = Im(7r+) C Ti. and H~ = Im(7r_) C 

n. 

Note that (resp. H^} is the subalgebra of H generated by the ai[?Ti], i & I,m > (resp. m < 0). So 
H'^ and H~ are commutative algebras, and: 

Tt^ ^ C[ai[m]]t^i^rn>o 

We say that to G 7i is a Ti- monomial if it is a product of the generators a; [to], c^. 

Lemma 3.3. There is a unique C-linear endomorphism :: of Ti. such that for all Ti-monomials m we 
have: 

: TO := 7r+(TO)7r_(TO) 

In particular there is a vector space triangular decomposition Ti. ~ 7i+ (g) C[cr.]r.>o 'S> Ti.~ . 

Proof: The W-monomials span the C-vector space H, so the map is unique. But there are non trivial 
linear combinations between them because of the relations of Ti: it suffices to show that for mi, TO2 
Ti-monomials the definition of :: is compatible with the relations ^ I, l,k ^ Z — {0}): 

miai[k]aj[l]m2 - miaj[l]ai[k]m2 = Sk,-i{q'' - q~'')Bij{q'')miC\k\m2 

As Ti"*" and Ti^ are commutative, we have: 

7r+ (mitti [k]aj [l]TO2)7r_ (toio^ [k]aj [l]m2) = 7r+ (toiOj [V\ai [k]m2)iT- {miaj [l]ai[k]m2) 

and we can conclude because TT+{mic\k\m2) = 7r_ (TOiC|fe|TO2) = 0. □ 

3.2. The deformed algebra 

3.2.1. Construction o/[y«. Consider the C-algebra Hh = The appHcation exp is well-defined on 

the subalgebra hTih- 

exp : hTih Ti-h 
For I € Z, i € I , introduce Ai^i, Yij G Hh such that: 

= exp(^/i'"ai[TO]g"")exp(^/i™a,[-TO]g-"") 

m>0 m>0 

Yi,l = exp(^ /j™yi[TO](7'™)exp(^/i™t/,[-TO]g-'™) 

m>0 m>0 

Note that Ai^i and Yi^i are invertible in Ti^ and that: 

i-/ = exp(-^/i"ai[-TO]g-'™)exp(-^/i"aiHa'") 

m>0 m>0 

Yr^' = exp(-^/.™y,[-TO]g-''")exp(-^/i'"y,[TO]g''") 

m>0 m>0 



DAVID HERNANDEZ 



Recall the definition il C Q{z) of section [231 For R G il, introduce tn G Hh- 

Definition 3.4. is the "L-suhalgehra ofTih generated by the Y^^i, Afi,tfi (i G 1,1 £ R E U). 
In this section we give properties of ;V„ and subalgebras of J^u which will be useful in section 

3.2.2. Relations in 3^„. 

Lemma 3.5. We have the following relations in yu (i, j E I l^k E Ij): 

(1) ^^i^J,feAv^^j7fc^ =iSi,j{z-^'^-z-i){-z(i-'')+zi^-i)) 



(2) Yi,lYj.kY,^^i Y^f, — %^_^(^)(2'-j_2-'-j)(_2(!-fc)_,_2(fc-!)) 

(3) ^j,i^J,fc^i,Mj,fc = *S,,j(2)(z-l-2)(-z('-'=)+z('=-0) 

Proof: For A, B E hTih such that [A, B] e hC[cr]r>o, we have: 

exp(A)exp(B) = exp(S)exp(A)exp([A, B]) 
So we can compute (see lemma IT^ : 

= exp( J2 /i"a,H9'™)(exp( E h"^ai[-m]q-^"')exp{ J2 /i"aj Hg''"))exp( J2 h"'aj[-m]q-''"') 

m>0 m>0 m>0 m>0 

= exp( h^"'B,^j{q"'){q-'^ - (Z™)g™('=-')c„0 

m>0 

exp( /i™a,[m]9'"')exp( ^ /i'"aj H9''™)exp( E /i'"ai[-m]9-'™)exp( ^ /i^Oj [-TO]g-'=™) 

m>0 m>0 m>0 m>0 

m>0 



= exp( /i"a,Hg'™)(exp( J2 /i"ai[-m]g-'")exp( /i'"yjH9'""))exp( E /i'"%[-m]g-'=™) 

m>0 m>0 m>0 m>0 

= exp( E /i^'"'^, J ((?-"'■• - g™'^- c„)exp( E /i"a,Hg™0 

m>0 m>0 

exp( /i™2;j H9"'')exp( E /i^a^-mlg-^OexpC E /i™2/j [-m]?-™*^) 

m>0 m>0 m>0 

= exp( E /l''"'5,,,((7-""^* - q"''^^){-q"'^'-''^ + q"'^''-'^)Cm)Yj^kAi 
m>0 

YijYj^k 

= exp( E h"'y,[m]q"^'){exp{ E /i'"2/»[-m]g-"0exp( E h"'yj[m]q"^''))exp{ E /i™yj[-m]g-"'=) 

m>0 m>0 m>0 m>0 

= exp( E /i^"g"('=~')C'j.4(7"')(g™''^- - q-""~Oc™)exp( E /i^yiHg"') 

m>0 m>0 

exp( E h"^yj[m]q"''')exp{ E /i^aJ-mlg-^Oexpl E h"'yj[-m]q-"''') 

m>0 m>0 m>0 

= exp( E +9'"^''"'^)cm)^'j,fc^;,i 

m>0 
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3.2.3. Commutative subalgebras ofHh- The C-algebra endomorphisms 7r+, 7r_ of W are naturally extended 
to C-algebra endomorphisms of Hh- As C Hh, we have by restriction the Z-algebra morphisms 
■ yu 'Hh- 

Introduce y — 7r+(y„) C 7i+[[/i]]. In this section l^.2.3l we study y. In particular we will see in proposition 
13.81 that the notation y is consistent with the notation of section ITKl 

For i E 1,1 E denote: 

m>0 

A± = ) = exp(±^/.™a,Hg'™) 

m>0 

Lemma 3.6. For i E 1 ,1 E "L, we have: 

In particular y is generated by the Yr^^ (i E 1 ,1 E Z). 
Proof: 

We have ai[m] — J2^j,iil"^)yj[^]^ ^^d: 

TT+iAj) = exp(5]/i'"a,H9'") = I]exp(^/i™Q,,(g")y,H/'") 

m>0 jel m>0 

As Ci^i{q) = q^' + q~^% we have: 

exp(^/j'"C,,,((Z™)y4m]g"") = exp( ^ /i™2/,[m]g('-'-')'")exp( ^ /i™y,Hg('+'-')™) = 

m>0 m>0 m>0 

If Cj,i < 0, we have Cj^i{q) = — q'^ and: 

fe=Cj_i+l,C3.i+3...-Cj.i-l 

exp(-5]/i'"C,,.(g'")y,H'?'™)= H exp(- J] H9^'+'^™) 

m>0 fe=Cj,i + l,Cj,i+3...-C3,i-l m>0 

As yu is generated by the Fj^, ^f;, ijj we get the last point. □ 
Note that the formula of lemma alreadv appeared in p]. 
We need a general technical lemma to describe y-. 

Lemma 3.7. Let J — {1, and let A be the polynomial commutative algebra 

A = C[Xj,m]j£j,m>o- For R = {Ri, Rr) e iV, consider: 

AR^expi '^"'Rji<l"l>^J,n.) eA[[h]] 

je,J,m>0 

Then the {Aj^)ii^nr- are C-linearly independent. In particular the Aj^i = A(o ...^o,z',o,...,o) fj € J, Z G 
are C- algebraically independent. 

Proof: Suppose we have a linear combination {^r G C, only a finite number of ^ir ^ 0): 

PlrAr = 

Rm^- 

The coefficients of in Ar are of the form Rj,{q'^)^^ Rj^{q^^)^\..Rj^{q^'^)^'^ \f^\Xfli^...Xf^i^ where 
hLi + ... + InLn = L- So for iV > 0, j/i, jat G J, ^i, In > 0, Li, > we have: 
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If we fix L2, ^Af, we have for all Li = I > 0: 

QieC fl6U'-/iiji(g'i)=Qi 

We get a Van der Monde system which is invertible, so for all ai G C: 

i?eU'-/i?ji(9'i)=Qi 
By induction we get for r' < N and all ai, ar' S C: 

And so for r' = N: 

fleH'-/fl,-i(g'i)=ai,...,fl,„(q'«)=a„ 

Let be 5 > such that for all ^ir, fiR/ 7^ 0, j e J we have Rj — R'j = or i?j — R'^ has at most 5 — 1 
roots. We set N = Sr and ((ji, ^i), {jsjs)) = ((1, 1), (1, 2), (1, S), (2, 1), (2, S), (3, 1), (r, 5)). 
We get for all aj^i e C {j £ J,l < I < S): 

J2 /^« = o 

It suffices to show that there is at most one term is this sum. But consider P, Q e il such that for all 
I < I < S, P{q^) = P'{q^)- As q is not a root of unity the are different and P — P' has S roots, so is 0. 

For the last assertion, we can write a monomial J| Aj|' = ^Y.ui 12',..., 1] u,, ,2' • In particular there is 

no trivial linear combination between those monomials. □ 

It follows from lemma, ITfil and lemma 

Proposition 3.8. The Yij G y are Z- algebraically independent and generate the "E-algebra y. In partic- 
ular, y is the commutative polynomial algebra Z[l^^]ig7.igz. 

The A^l G y are Z-algebraically independent. In particular the subalgebra of y generated by the A~l is 
the commutative polynomial algebra Z[A~^]i^ij^z- 

3.2 A. Generators ofyu. The C-linear endomorphism :: of 7^ is naturally extended to a C-linear endo- 
morphism of Hh- As yu C Hh, we have by restriction a Z-linear morphism :: from to Hh- 

We say that to G is a J^u-monomial if it is a product of generators Jif;, F-^, i^,. 
In the following, for a product of non commuting terms, denote 11 — UiU2...Us- 

s=l..S 

Lemma 3.9. The algebra yu is generated by the Fj^, t^ (i £ I J £ R £ ii). 

Proof: Let be i G /, Z G Z. It follows from proposition 13.81 that Tr^{Aij) is of the form Tr+{Ai^i) = 
Y[ Y^i'' and that : to :—: Y[ Yi^u ' '■■ So it suffices to show that for m a J^u-monomial, there is a 

unique Rm G il such that m = : to :. Let us write m — Ir Y\ Us where Ug G {^^;, ^i^}ie/,iGZ are 

s=l..S 

generators. Then: 

:to:=( n ^+{UM n ^-{Us)) 

s=l..S s=l..S 

And we can conclude because it follows from the proof of lemma l375l that for 1 < s,s' < S', there is 
Rs^s' G il such that 7r+(t/,)7r_(C/,0 = tfl^_^,7r_(C/,07r+(C/,). □ 

In particular it follows from this proof that : 3^u :C 3^u. 
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3.3. The deformed algebra 3^f 

3.3.1. Construction of yt ■ Denote by Z((z^^)) the ring of series of the form P = J2 -Pr 2' where i?p G Z 

r<Rp 

and the coefHcients Pr G Z. Recall the definition il of section ITTl We have an embedding 11 C Z((z~^)) 
by expanding Q(^z-i) '^[[^~^]] Q{^) ^ ^[^] such that Q(0) = 1. So we can introduce maps: 

TTr-.a^Z , PkZ^ ^ Pr 

k<Rp 

Note that we could have consider the expansion in Z((z)) and that the maps tt^ are not independent of 
our choice. 

Definition 3.10. We define yt (resp. Ht) as the algebra quotient of yu (resp. Hh) by relations: 

tR = tu' ifTTo{R) = 7ro(i?') 

We keep the notations F-^jA^; for their image in yt. Denote by t the image of ti = exp( J2 h'^"^Cm) in 

m>0 

yt- As ttq is additive, the image of ta in yt is t'^"'^). In particular yt is generated by the Y-^^i, Afi^t"^ . 

As the defining relations of Ht involve only the q and tt+{ci) = 7r_(c;) = 0, the algebra endomorphisms 
7r+, 7r_ of Ht are well-defined. So we can define H^ ,Hf^ , y^ , y^ in the same way as in section IB .2. 31 and 
:: a C-linear endomorphism of Ht as in section 13.2.41 The Z[t*]-subalgebra yt C Ht verifies : yt '-C yt 
(proof of lemma|^2l- We have y^ ~ 3^. 

We say that m ^ yt (resp. m e 3^) is a 3^t-monomial (resp. a 3^-monomial) if it is a product of the 
generators (resp. 

3.3.2. Structure ofyt- The following theorem gives the structure of J^t: 

Theorem 3.11. The algebra yt is defined by generators Yr^^ {i £ 1,1 £ Z), central elements t^ and 
relations £l,k,l £ TL): 

where 7 : (/ x Z)^ Z is given by (recall the maps iTr of section VS.S.l]) : 

Proof: As the image of ta in yt is t'^°^^\ we can deduce the relations from lemma, l3^ For example 
formula [21 (p. El gives: 

Y ,Y lYr^Y-^ = ^7ro((C'„.(^)(2'-:'-^-'-j)(-^('-'=)+^('=-")) 

3->'^ i,l j,k 

where: 

7ro{C,4z){z^^ - z--^){-z<^'-''~> + zf'^-'))) 

~ Y^'^r{Cj,i{z)){Srj+r+k-l,0 + S-rj+r+l-k,0 — Srj+r+l-k,0 — 6-rj+r+k-l,o) = 7(*j ^iJj ^) 
rGZ 

It follows from lemma PT?)! that yt is generated by the Y^^i,t^. 

It follows from lemma 13.71 that the tn G (i? G il) are Z-linearly independent. So the Z-algebra 
Z[ifl]fleu is defined by generators (i_R)_R6u and relations t/j+ij' = tutu' for R,R' £ il. In particular the 
image of Z[ij^]fjgy in X is Z[t^]. 

Let A be the classes of ^t-monomials modulo t^. So we have: 

Y,^t^]-m = yt 
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We prove the sum is direct: suppose we have a Hnear combination ^ Xm{t)m = where Xm{t) G Z[t^]. 

We saw in proposition EiHI that y ~ Z[y^^]ig/^;gz- So A,„(l) = and Xmit) ^ {t — l)Xm\t) where 
Xi^\t) e Z[t^]. In particular Kn{t)^^\t)m = and we get by induction X^{t) G (i - l)''Z[t±] for all 

r > 0. This is possible if and only if all Xm{t) = 0. □ 
In the same way using the last assertion of proposition EHl we have: 

Proposition 3.12. The sub 'Z[t^]-algebra of yt generated by the A^^ is defined by generators A~l',t^ 
(i e /, ^ G Z) and relations: 

where a : (/ x Z)^ ^ Z is given by: 

a{i,l,i,k) = 2(-(5/_fc.2r. + (5i-/c,-2r,) 

a{i,l,j,k)^2 ^ {Si-k-n+r + Si-k,r,+r) (if i j) 

r=Cij+l,Ci,j+3,...,-Ci,j-l 

Moreover we have the following relations in X: 

A,iY,,k ^ t^^'''''^''^Y,,kAi 

where /3 : (/ x Z)^ ^ Z is given by: 

I3{i,l,j,k) = 25i^j{~5i-k,r, +5i-k-r,) 

3.4. Notations and properties related to monomials. In this section we study some technical 
properties of the 3^-monomials and the J^t-monomials which will be used in the following. 

3.4.1. Basis. Denote by A the set of 3^-monomials. It is a Z-basis of y (nronosition 13.811 . Let us define 
an analog Z[t^]-basis of yt'. denote A' the set of 3^t-monomials of the form m =: m :. It follows from 
theorem 13.111 that : 

yt= ^ Z[i±]m 

The map ir : A' ^ A defined by 7r(m) = 7r+(m) is a bijection. In the following we identify A and A'. In 
particular we have an embedding y (Z yt and an isomorphism of Z[f''']-modules y ®z Z[t^] ~ yt. Note 
that it depends on the choice of the Z[t='=] -basis of yt. 

We say that xi G 3^t has the same monomials as X2 £ 3^ if in the decompositions Xi ~ J2 ^m(t)m, 
X2 ^ J2 t^rnm we have Xmit) = ^ = 0. 

meA 

3.4.2. The notation Ui^i. For m a 3^-monomial we set Uij{m) E Z such that m = JJ i^"'"'^™^ and 

Ui{m) ~ ^Ui^;(rn). For m a J^t-monomial, we set Uij{m) — Uij(7r+(m)) and Ui{m) = Mi(7r_|_(TO)). Note 

lei ' 

that Uij is invariant by multiplication by t and compatible with the identification of A and A' . 
Note that section 1^ . 3 . 21 implies that for i E 1 ,1 E and m a 3^t-monomial we have: 

Denote by Bi C A the set of i-dominant 3^-monomials, that is to say m G -Bi if V/ G Z, Ui^i{m) > 0. 

For J <Z I denote Bj — f] Bi the set of J-dominant 3^-monomials. In particular, B = Bj is the set of 

ie.j 

dominant 3^- monomials. 

We recall we can define a partial ordering on A by putting m < to' if there is a 3^-monomial M which 
is a product of Af^ (i £ 1,1 E Z) such that m = Mm' (see for example pj). A maximal (resp. lowest, 
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higher...) weight 3^-monomial is a maximal (resp. minimal, higher...) element of A for this ordering. We 
deduce from 7r_|_ a partial ordering on the J^t-monomials. 

Following [2], a 3^- monomial m is said to be right negative if the factors Yj,i appearing in m, for which / 
is maximal, have negative powers. A product of right negative 3^-monomials is right negative. It follows 
from lemma rr?)l that the are right negative. A 3^i-monomial is said to be right negative if 7r_|_(m) is 
right negative. 

3.4.3. Some technical properties. 

Lemma 3.13. Let {ii,h), (iK^K) be in (I x Z)^ . For U > 0, the set of the m ^ J] A "?''"'^"'^ 

k=l...K '" 

(vi^^i^{m) > 0) such that min Ui,k{m) > —U is finite. 

Proof: Suppose it is not the case: let be {mp)p>o such that min Ui^kimp) > —U but 

^ Vif^ {rup) — > +00. So there is at least one k such that Vi^^ {iTip) +00. Denote by 9\ the set 
k=l...K ' P-*°° ' P-*°° 

of such k. Among those k E such that Ik is maximal suppose that r^^ is maximal (recall the definition 
of ri in section l2A|l . In particular, we have Uii^j^+n^ (™p) = —'>^ik,ik (™p) + f{p) where f{p) depends only 
of the Vi I (mp), k' 4. 9^. In particular, fiv) is bounded and Ui^^ u+n (wp) ^ —00. □ 

k ■ k f T k p — 

Lemma 3.14. For M E B, K >0 the set of y -monomials {MA^^^;^ > 0,^1, ...Jr > K} n B 

is finite. 

Proof: Let us write M — 1^1,;^...!^^^;^ such that h = min Ir, Ir. = max Ir and consider m in the set. It 

T—\...R r—l...R 

is of the form to = MM' where M' = J] AT ' (""hi > 0). Let L = max{/ E Z/3i E I, Ui,i{M') < 0}. 

M' is right negative so for a\\ i E I, I > L ^ Vi^i ~ 0. But to is dominant, so L < Ir. In particular 
M'= n AT '- It suffices to prove that the Vi^i (rrir) are bounded under the condition m dominant. 

ieI,K<l<lR ' 

This follows from lemma l3. 1,31 □ 

3.5. Presentations of deformed algebras. Our construction of J^t using Hh (section ESI is a "con- 
crete" presentation of the deformed structure. Let us look at another approach: in this section we define 
two bicharacters Af, Nt related to basis of J^t . All the information of the multiplication of J^t is contained 
is those bicharacters because we can construct a deformed * multipHcation on the "abstract" Z[<^]-module 
y ®z '^[t^] by putting for mi,m2 E A 3^-monomials: 

TOi * TO2 = i-^(™i.™2)-AA(m,,mi)^2 * TOi 

or 

mi * m2 = t^*('"i'™2)-Aft(™2,mi)^2 * TOl 

Those presentations appeared earlier in the literature ^21) dl for the simply laced case. In particular 
this section identifies our approach with those articles and gives an algebraic motivation of the deformed 
structures of ^2], related to the structure ofUq{Q). 

3.5.1. The bicharacter N. It follows from the proof of lemma that for to a 3^t-monomial, there is 
N{m) E Z such that m — : m :. For mi,TO2 3^t-monomials we define A/'(toi,TO2) — N{mim2) — 

N{mi) - N{m2). We have N{Yij) = N{Au) = 0. Note that for a,/? e Z we have: 

N{t°'m) + N{m) , N{t°'mi,t^m2) = A/'(toi, TO2) 
In particular the map AA : A x A ^ Z is well-defined and independent of the choice of a representant in 

Lemma 3.15. For mi,TO2 yt-monomials, we have in Tit: 

^_(TOi)7r+(TO2) = i^("l''"^)7r+(TO2)^_(TOi) 
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Proof: We have: 

mi = t^("i)7r+(TOi)7r_(TOi) , = t^(™^V+(m2)7r_(m2) 

and so: 

TOim2 = t^('"i™^'7r+(mi)^+(m2)7r_(TOi)7r_(m2) = t^("^)+^("'^^7r+(mi)^_(rni)7r+(m2)7r_(m2) 

□ 

Lemma 3.16. T/ie map J\f : A x A ^ Z is a bicharacter, that is to say for mi, TO2, G A, we have: 

7V(mim2, ma) = A/'(mi, ma) + A/'(m2, ma) anrf M{mi,m2m^) = Af{mi,m2) + N{mi,m^) 
Moreover for mi, ...,mfc yt-monomials, we have: 

N{mim2...mk)^ Nimi)+N{m2) + ... + N{mk)+ ^ A/'(m,,mj) 

l<i<j<fc 

Proof: For the first point it follows from lemma 1^.1 51 

7r_(mim2)7r+(m3) = t^('"i'"=''"^)7r+(m3)7r_ (mims) = i^^^^^'^^^Tr, (mi)7r+(m3)7r_ (m2) 

^^A^(mi,m3)+A/'(m2,m3)^^(^3)7r_(mim2) 

For the second point we have first: 

N{mim2) = N{mi) + N{m2) + N{mi,m2) 

and by induction: 

N{mim2...mk) — N{mi) + N{m2...mk) + M{mi,m2.--mk) 
^ N{mi) + N{m2) + ... + N{mk) + ^ Af{m,,mj) + Af{mi,m2) + ... + Afimi,mk) 

l<i<j<k 

□ 

3.5.2. The bicharacter Aft. For m a J^t-monomial and I G Z, denote 7r/(m) = J]^ F-"/ '^™''. It is well 

defined because for i,j ^ I and ^ G Z we have YijYj^i — Yj^iYij (theorem 13.1 111 . Moreover for mi,m2 
^i-monomials we have 7ri{mim2) — TTi{mi)TTi{m2) = J| 

For m a 3^t-monomial denote m = J| tt; (m) , and >lt the set of 3^t-monomials of the form m. From theorem 
13. Ill there is a unique Nt{m) G Z such that m = i^''™)m, and: 

3^t= 0Z[t±]m 

For mi, m2 ^t-monomials we define A/t(mi, m2) = Nt{mivi2) — Nt{mi) — Nt{m2). We have iV((li.i) = 0. 
Note that for a, /3 G Z we have: 

iVf(t"m) = a + 7Vt(m) , ^(i^mi, t'^ms) = Ml^i, m2) 

In particular the map A/j : A x A ^ Z is well-defined and independent of the choice of A. 

Lemma 3.17. For mi,m2 yt-monomials, we have: 

A/'t(mi,m2) = ^(A/'(7r/(mi),7r//(m2)) - 7V(7r/' (m2), 7r;(mi))) 
l>i' 

In particular, Nt is a bicharacter and for mi, ...,mk yt-monomials, we have: 

Nt{mim2...mk) ^ Nt{mi) + Nt{m2) + ... + Ntiruk) + ^ J\ft{mi,mj) 

l<i<j<k 
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Proof: For the first point, it follows from the definition that {17111112) = t-^*^™^''"2^mirn2. But: 

(mims) = ]j7r;(mi)7r/(m2) , mim2 = (]^7r;(mi))(]^7r;(TO2)) 

So we have to commute 7r/(TOi) and T:ii{m2) for Z > The last assertion is proved as in lemma 1^.161 □ 

3.5.3. Presentation related to the basis At and identification with ^2]. We suppose we are in the ADE- 
case. 

Let be mi =: H Y'j' ^J'' ^ ^2 =: ^'m'AT'' We set m\ H ^'m' ^ and 

inl=: n Y<^^. 

Proposition 3.18. We have Nt{mi, 7712) — Nt{ra\, m|) + 2d{mi, m,2), where: 

where Uij = yi^i - Vi^i-i - Vi^i+i + J2 Vj^i and u[ i y[ i ~ v[ ~~ v[ + J2 v'^i- 

j/c,.,=-i , , , , j/c,.j=-l 

Proof: 

First notice that we have {i G 1,1 € Z): 

Mt{Y.,i,A-l,) = 2 , = 2 , Mt{A-l,,A-l,) = -2 

= -2 , M(A7i^,,yu) = 2 
For example ^(y,,;, = Af{Yu,Arj_^) - M{Arl_^,Y,^i) ^ 2 because Y,^iArj_^ = t^All_^Yu. 

We have Aft (mi ,m2) = y4 + i3 + C + D where: 
A = A/;(mf,m|) 

E vuy',.MATlY,,k) ^ E z;^,;+i2/^.iM(Av+i'^M)=2 E 
i,j£iA,kei, ieidez ieijez 

E v,,v'^,^Nt{A-7},A-l) 

i,j£l,l,k£Z 

= E «^;+i«M^iM(Ar;+i,A^;-i)+"^;«l;M(l^jii,i;^li)+ E v^,+lv'^,Mt{A-l^„Y,J) 
iei,i£Z ' ' Cj,i=-i,iez 

= -2 X] (t'iJ+iWi ;_i + + 2 E 

i<£i,i<£Z ' Cj,i=-i,iez 

In particular, we have: 

B + C + D^2 {y.jvli^j^ + v,j+iyli - v,j+iv',i_j^ - Vi^ivli) + 2 ^ Vi,i+iVj^i 



ie/,iGZ Cj,i = -l,iGZ 



□ 



The bicharacter d was introduced for the ADi5-case by Nakajima in motivated by geometry. It 
particular this proposition 13. 181 gives a new motivation for this deformed structure. 

3.5.4. Presentation related to the basis A and identification with |15j . 

Lemma 3.19. For mi,m,2 £ A, we have: 

M{mi,m2) = Yj Ui,i{mi)uj.k{m2){{Cj,i{z))rj+i-k - {Cj^i{z))-rj+i-k) 
i.jeid.kei, 
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Proof: First we can compute in [y„: 

m>0 

and as A^(fi,i) = N{Yj^k) = we have A/'(fij, Y,-,fe) = (Q, ,(z))^^.+/_fc - (C^- ^(z))-r,+;-fe. □ 
In s^2-case we have C(z) z + z^^ and (^(z) = = ^ (— l)'"^^^''^-^. So: 

r>0 

YiYk = : YiYk : 

where: 

s = 0if;-fc = l + 2r, reZ 
s = if ; - fc = 2r, r > 
s = 2(-l)''+i if Z - = 2r, r < 
s = -1 if ; = fc 

It is analogous to the multipUcation introduced for the ^IJi^-case by Varagnolo-Vasserot in 2^: we 
suppose we are in the A_Di?-case, denote P = ^ZiUJi (resp. Q = 0Zai) the weight-lattice (resp. 

root-lattice) and: 

": P ® Z[z±] P® Z[z±] is defined by A ® P(z) = A (g) P{z-^). 

(,) : g®Z((z-i)) X P0Z((z-i)) ^ Z((z-i)) is the Z((z-i))-bilinear form defined by (ai,Wj) = Si^j. 

■.P®'L[z^] ^ Q®Z((z-i)) is defined by VL~^{uJi) = EC'i,fc(z)afe. 

kei 

The map e : P ® Z[z±] x P ® Z[z±] ~> Z is defined by: 

eA,M = ^o((^"'f^"'(A)|Ai)) 

The multiplication of JHj is defined by: 
So we can compute: 

= 7ro(z™-'-iC,,,(z)) = (a,,(z))i+i_„ 
If we set e';^^^ = 7ro((zf2"^(A)|/i)) then we have e^i^. = (C^j (z));„i_,„ and: 

4. Deformed screening operators 

Motivated by the screening currents of [3] we give in this section a "concrete" approach to deformations 
of screening operators. In particular the t-analogues of screening operators defined in |Hj will appear as 
commutators in Hh- Let us begin with some background about classic screening operators. 



4.1. Reminder: classic screening operators 
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4.1.1. Classic screening operators and symmetry property of q- characters. Recall the definition of 
TT+{Afi) = Afi e 3^ and of uu : A Z in section H 

Definition 4.1. The i'^'^- screening operator is the Z-linear map defined by: 



J2y-(^i,l+2ri — Ai,l+ri-Si^l) 



Note that the i*'^-screening operator can also be defined as the derivation such that: 

5.(1) = , Vj e /, Z e Z, S,iY,,i) = S,,jY,,i.S^,i 
Theorem 4.2. fFrenkel, Reshetikhin, Mukhin 0,(11/' The image of Xg ■ '^[Xij]iei,iei. y is: 

MXg) = f]KeriS,) 

It is analogous to the classical symmetry property of x- Iiii(x) = '^[vf]^!- 
4.1.2. Structure of the kernel of Si. Let ^ = Ker(S'i). It is a Z-subalgebra of y. 

Theorem 4.3. (Prenkel, Reshetikhin, Mukhin [SIjIEI/) The "Z-subalgebra ^ of y is generated by the 
For m ^ Bi, we denote: 



In particular: 

Corollary 4.4. The "Z-module ^ is freely generated by the Ei{m) (m e Bi): 

4.1.3. Examples in the sh-case. We suppose in this section that we are in the sZ2-case. For m E B, 
let L{m) = Xqi^m) be the g-character of the Wq(s^2)-irreducible representation of highest weight m. In 
particular L{m) G R and .ft = ZL{m). 

meB 

In an explicit formula for L{m) is given: a cr C Z is called a 2-segment if a is of the form a = 
{I, I + 2, I + 2k}. Two 2-segment are said to be in special position if their union is a 2-segment that 
properly contains each of them. All finite subset of Z with multiplicity {I, ui)i^z {ui > 0) can be broken 
in a unique way into a union of 2-segments which are not in pairwise special position. 

For m € B we decompose = 11 11 ^ ^ E where the {aj)j is the decomposition of the {l,ui{m))i^z- 

j leaj 

We have: 

Lim)^Y[LiY[Yi) 

j lea-j 

So it suffices to give the formula for a 2-segments: 

L{YiYi+2Yi+i...Yi+2k) = YiYi+2Yi+i...Yi+2k + YiYi+2...Yi+2(k-i)Yil\^+^^ 

+YiYi+2---Yi+2(k-2)Yi+\kYi+\i^k+i) + ••• +^+2^+2---^(+2(fe+i) 
We say that m is irregular if there are ji ^ j2 such that 

Cji C and ctj-j + 2 C cto^ 
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Lemma 4.5. (Ttenkel, Reshetikhin ^) There is a dominant y-monomial other than m in L{m) if 
and only if m is irregular. 

4.1.4. Complements: another basis of Let us go back to the general case. Let ysi, = the 
ring y for the sZ2-case. Let i be in / and for < A: < — 1, let Wfe : A ^ ysi^ be the map defined by: 

and Vk : 'L[{Yi^iYi+i)^^]i^i — > ^ be the ring homomorphism such that Vk{{Yi^iYi+iy^) = Ajl^^^,. 

For m e -Bi, ujk{m) is dominant in ^^(2 and so we can define L{ujk{m)) (see section We have 
L{ujk{m))uJk{m)-^ e Z[{Yi^iYi+i)-^i^i. We introduce: 

Li{m) =m J]^ i^k{L{(^k{m))ujk{m)~^) G ^ 

0<k<ri~l 

In analogy with the corollary 14.41 the Z-module ^ is freely generated by the Li(m) (m e Bi): 

meBi 

4.2. Screening currents. Following 0], for i ^ 1 ,1 ^ 2,, introduce Si^i G Tih'- 

= exp(E/^"-;^.'™)exp(E^--^i^ 

m>0 ^» ^» m>0 

Lemma 4.6. PFe have the following relations in Tth: 

Si,lAj^k = tCij{z)(zi''-n+z('-'''))Aj,kSi^l 
Si,lYj^k = tSij{z'.''-'>+z('-''"i)Yj,kSiJ 

Proof: 

As for lemma EH we compute in Tit'- 

= exp( /i'"a,Hg''")(exp( /i™ai[-m]g-'")exp( fe"" „.°l'"'J„„.. g'"^'"'"-^) 

m>0 m>0 m>0 9*9 

exp( ^ /i™^^^t!ri_gm(n-0) 

m>0 ' 

= exp( Y fe"" 'C?_+'L'l7' g'""''Crr»)exp( E /i^a^H?'" + 

m>0 m>0 

exp( fe" -°;7"'L. g"'^'''-') + fe^a^-TOlg-'") 

rn > ^ ^ 

- t_,-2„_iexp( E /i"a,H(l + „„..f_7-',„., )g'"')exp( ^ /i"a.H(l + ^-.X^^,, )g"'") 

~ t-z-'^''i-l^i,l+ri 



m>0 T7i>0 



Si.lAj^k 

= exp( fe" „.7''"J„., g''")(exp( Y /t'" -°;7"i-. g~'"')exp( E /i^fljHg''"')) 
exp( /i™aj [-m]g-'''™) 

m>0 

= exp( E /i'"^^^^9^i7pf^'7'"^'"'^c™)exp( E "I'rJ^.. g"") 

m>0 m>0 

exp( E /i™ajHg'"")exp( E fe" g~''")exp( E /i^a^ [-mlg-*^") 

m>0 m>0 > <? » m>0 

= exp( E /i""a,j(g")(g™('=-'' +g('~'^^™)c™)i,,fc5,,; 
m>0 
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Finally: 

= exp( E /j™-^^fc±_g'™)(exp( E fe- -:;'r"'L. g'''")exp( E /i™2/,H9'")) 

m>0 m>0 m>0 

exp( h"^yj[~m]q-''"') 

m>0 

= exp( E fe^"^., /^:::::^:::) g"'(^-')c„)exp( e fe- ^^.r^'^j^.^ g'-) 

m>0 m>0 

exp( /i™?;jH9''™)exp( E fe" -"-.ll^L. g~''")exp( J2 h"'yj[~m]q-''"') 

m>0 m>a ' g » m>0 

= exp( E <5,,,/i2™((j'"(fc-0 + g('-'=)'")c™)Y,- □ 

m>0 

4.3. Deformed bimodules. In this section we define and study a t-analogue 3^i t of the module 3^i. 

For i € I, let yi^u be the sub left-module of Hh generated by the Si^i {I € Z). It follows from lemma 
14.61 that {Si^i)-ri<i<ri generate and that it is also a subbimodule of Hh. Denote by Sij G Ht the 
image of Sij G Hh in Ht ■ 

Definition 4.7. J^^^t is the sub left-module of Ht generated by the Sij (7 e ZJ. 

In particular it is to say the image of yi^u in Ht- It follows from lemma ^21 that for / e Z, we have in 
yi,t: 

It particular J'i^t is generated by the {Sij)-ri<i<ri- 
It follows from lemma l4!6l that for ^ € Z, we have: 

In particular yi^t a subbimodule of Ht- Moreover: 

Proposition 4.8. T/ie le/t module yi^t is freely generated by {Si^i)-ri<i<ri'- 

y^,t^ yts,,i^y^t''' 

—ri<l<ri 

Proof: We saw that (5^i,i)-ri<i<ri generate yi^t- We prove they are 3^f-linearly independent: 
for (i?i, ...,Rn) € il", introduce: 

m>Oje/ 

It follows from lemma 1X71 that the (Ifljijeu" are Z-linearly independent. Note that we have Tr+{yi^t) C 

ZYr and that y = ZYr. Suppose we have a linear combination (Ar S 3^t): 
i?eU" _Rez[z±]" 

Introduce iJ,k,R € Z such that: 

7r+(Afe) = E l^k,RYR 

and -Ri_fc = {R]k(^)^ ■■■^^Zki^)) ^ ^^ch that Tr^{Si^k) ~ Yj^.^. If we apply 7r+ to the linear combina- 
tion, we get: 

E I^KrYrYr^^ = 

fiGZ[z±]'\-ri<fc<ri-l 
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and we have for all R' G U: 

-ri</c<Ti-l/_R,'-fli,feeZ[z±]" 

Suppose we have — < ki ^ k2 < rt — l such that R' —Ri^ki, R' —RiM G ^[2=*=]". So i?i,A;i —RiM G Z[z^]". 
But a^m] = I]Q:i('?'")yj M, so for j G /: 



z'^ — z 

In particular for j = i we have Ci^i{z) ^^/j"^!^. = '"'"^.-^ J*^-/^"^ G Z[z^]. This is impossible because 
\ki —k2\ < 2ri. So we have only one term in the sum and all ^k,R = 0. So 7r+(Afc) = 0, and G (i— 1)3^*. 
We have by induction for all m > 0, Xk G (t — l)™^*. It is possible if and only if = 0. □ 

Denote by yi the 3^-bimodule Tr+{yi.t). It is consistent with the notations of section ITTl 

4.4. i-analogues of screening operators. We introduced i-analogues of screening operators in [8J. 
The picture of the last section enables us to define them from a new point of view. 

For m a -monomial, we have: 

[S^,l,m] = S,,im - mS^j = (i^".,-!-) _ i)mS^,i = - t-^)[u^J{m)]tmS^,l 

So for A G we have [Sij, A] G (t^ — l)3^i,t, and [Si^i, A] 7^ only for a finite number of Z G Z. So we can 
define: 

Definition 4.9. The i*^ t-screening operator is the map Si^t ■ 3^t 3^i.t such that (X G yt): 
In particular, Si^t is Z[i''=]-linear and a derivation. It is our map of (H|. 

For m a 3^t-monomial, we have ■nj^(Si_t(jn)) = 7r+(i"'-''^™^~"'^[ui^;(TO)]f)7r4-(mS'i.;) = Ui^i(rn)-Kj^(mSij) and 
the following commutative diagram: 

yt ^ y^, 

71"+ i i 

y ^ y^ 

4.5. Kernel of deformed screening operators. 

4.5.1. Structure of the kernel. We proved in 8] a t-analogue of theorem 14.31 

Theorem 4.10. (^) The kernel of the i'^'^ t-screening operator Si^t istheZ[t^]-subalgebraofyt generated 

by the y,., (1 + ) , y ± 6V ^ e z;. 

Proof: For the first inclusion we compute: 

<5'i,t(yi,i(l + tA^J'_^_^,)) — Yi^iSi^i + tYi^iA- J^^, {~t '^)Sij+2ri = Yij{Si^i — t^^A-J-^^,Sij^2ri) = 

For the other inclusion we refer to jH]. □ 

Let = Ker(5i^t)- It is a Z[i^]-subalgebra of yt. In particular we have n+{M^^t) — (consequence of 
theorem |331 and I4.10|l . 

For m € Bi introduce: (recall that JJUi means ...U-iUoUiU2.--): 

lei jj^i 
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It is well defined because it follows from theorem that for j ^ i,l £ Z, {Yij{l + ^^4"^^^ )) and Yj^i 
commute. For m € Bi, the formula shows that the J^t-monomials of Ei^tim) are the J^-monomials of 
Ei{m) (with identification by 7r+). Such elements were used in ^2] for the ADE case. 

The theorem 14. 101 allows us to describe 

Corollary 4.11. For all m G Bi, we have Ei^tim) G ^i^t- Moreover: 

J?,,*= 0Z[i±]i?,,,(m)~Z[t±](^') 

Proof: First Ei,t{m) G <^i,t as product of elements of Ai^t- We show easily that the i?i^t(m) are Z[t^]- 
linearly independent by looking at a maximal 3^t-monomial in a linear combination. 

Let us prove that the i?i^t(m) are Z[i^]-generators of Ki^t- for a product x of the algebra-generators of 
theorem 14. lOL let us look at the highest weight 3^(-monomial m. Then Ei^tim) is this product up to the 
order in the multiplication. But for p = 1 or p > 3, lijFi j+p,.. is the unique dominant 3^-monomial of 

E,{Yu)E,(Y ), so: 

Yu{l + tA~l^^jY,i+pr, (1 + ii-^V.+r.) G t^Yu+pr^ (1 + ti"; J ( 1 + * A^+r, ) 

And for p ^ 2: 

G + t^Yuil + <i-/+,jfu+2n(l + iAv+3r.) 

□ 

4.5.2. Elements of with a unique i-dominant yt-monomial. 

Proposition 4.12. For m G Bi, there is a unique Fi,t{m) G such that m is the unique i-dominant 
yt-monomial of Fi^t{m). Moreover : 

Proof: It follows from corollary 14. 1 II that an element of M^^t has at least one i-dominant [Vj-monomial. 
In particular we have the uniqueness of Fi,t{m). 

For the existence, let us look at the s?2-case. Let m be in B. It follows from the lemma 13.141 that 
{MA-]i^...A-^ijR > 0,h,...,lii > l{M)}nB is finite (where 1{M) = min{/ G Z/3i G I,u,^i{M) ^ 0}). 
We define on this set a total ordering compatible with the partial ordering: — ni > rriL-i > ... > mi. 
Let us prove by induction on I the existence of Ft{mi). The unique dominant 3^t-monomial of Et{mi) 
is TOi so Ft{mi) = Et{mi). In general let Ai(f), A;_i(<) G Z[t^] be the coefficient of the dominant 
3^t-monomials wi, ...,mz_i in Et{mi). We put: 

Ftimi) = Et{mi) - ^ A,(t)Ft(m,) 

r=l...i-l 

Notice that this construction gives Ft{m) G rnI,[AY^ ,t^]iizi. 

For the general case, let z be in / and m be in Bi. Consider Wfc(m) as in section 13.1.41 The study 
of the sZ2-case allows us to set Xfc — ^kim)"^ Ft{(-Ok{m)) G Z[Af^,t^]i. And using the Z[t^]-algebra 
homomorphism h'k,t ■ Z[Al^ ,t^]i^i 'Z[AT'J ,t'^]i^i^i^z defined by h'k,t{A'[^) = A~fc+;ri' "^^ (t^e 
terms of the product commute) : 

Fi^{m) = m I'k.tiXk) e ^i,t 

0<k<ri-l 

For the last assertion, we have i?i^t(m) = ^ Xi{t)Fi^t{'m,i) where mi,...,mL are the z-dominant yt- 

1=1. ..L 

monomials of Ei,t{m) with coefficients Ai(t), Xhit) G Z[t^]. □ 



22 



DAVID HERNANDEZ 



In the same way there is a unique Fi{m) G Ki such that m is the unique z-dominant 3^-monomial of 
Fi{m). Moreover Fi{m) — 7r+(Fi^i(m)). 

4.5.3. Examples in the sh-case. In this section we suppose that g — SI2 and we compute Ft{m) = Fi t(m) 
in some examples with the help of section 14.1.31 

Lemma 4.13. Let a — {1,1 + 2, I + 2k} be a 2-segment and iria- = YiYi+2---Yi+2k G B. Then we have 
the formula: 

Ft{ma) = TOct(1 + tAi+2k+l + ^l + {2k+l)^l+(2k-l) + •■• + ^'^ ^l+{2k+l)^l+{2k-l)---^l+l) 

If <Ji, (72 are 2-segments not in special position, we have: 

Ftim^jFtim,,) = i^('"'i'™"^)-^(""-™"i)f^t(m„Ji^t(m,J 
If ai, ...,aji are 2-segments such that ma--^...mrr^ is regular, we have: 

Ft{m^^...m^^) = Ft{'m„^)...Ft[m„^) 

In particular ii m € B verifies Vl G Z,ui{m) < 1 then it is of the form m — mai---ma-,^ where the 
(Tr are 2-segments such that max(crr) + 2 < min(CTr+i)- So the lemma 14.131 gives an explicit formula 
Ft{m) = Ft{m„^)...Ft{m„^). 

Proof: First we need some relations in yi^t '■ we know that for ^ e Z we have tSi-i = A'f^Si+i = 
t'^ Si+iA^^ , so t~^Si-i = Si+iAf^. So we get by induction that for r > 0: 

As u.ij+i{A^^ AJ'_}^...AJ'\^^_^^) = = -1, we get: 

t^''Sl+i-2r = t^'^A ^A-2---^7-2{r-l)^l+'i- 

For r' > 0, by multiplying on the left by Al^2r'^7+2{r'-i)---^T+2^ '^^ S^t: 

* ''A+2r'A+2{r'-l)---A+2^l + '^-2''- =^ A+2r' A+2{r' -l)' ' ■A-2ir-l)^l+^ 

If we put r' = 1 + i?', r = i?, - i?', i = L - 1 - 2R' , we get for < R' < R: 

^L+l^L-l---^L+l-2R'^L-2R = ^L+l^L-l'- ■^L+1-2R.^ L-2F// 

Now let be m = YqY2...Yi and x G 3^* given by the formula in the lemma. Let us compute St{x)'- 

St{x)^m{So + S2 + ... + Si) 

+tmi,-\(^o + ^2 + ... + Si-2 - t-^Si+2) 
+1^171 Al^^Al2^{So + S2 + ... + 5/_4 - t-'^Si - t-^Si+2) 

+... 

+i'mi,-\i-_\...ir'(-i"'^2 + ... - t-'^Si - t-^Si+2) 
= m{So + S2 + ... + Si) 
+tmAY^^{Sa + ^2 + ... + ^;-2) - mSi 
+t^mA-^^Al\{So + S2 + ... + Si-i) - tmA-^^Si^2 - mSi-2 

+ ... 

-TOi'-ii,-\if_\...i3"^ - ... - t-^Si - mSo 
= 

So X G -^t. But we see on the formula that m is the unique dominant monomial of X- So x = Ft{m). 
For the second point, we have two cases: 
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if mcrimo-2 is regular, it follows from lemma l¥31 that L{m„^)L(ma2) = L{mfj^)L{mfj^) has no dominant 
monomial other than ma-^ma-^- But our formula shows that Ft{m„^) (resp. Ft^iria-^)) has the same 
monomials than L{m„^) (resp. L{m„^)). So 

has no dominant 3^(-monomial because m^^m^^ — i->J'{rn„^,m„^)~N'(m„^,m,-^)^^^^^^^ _ q 

if nia^nirj^ is irregular, we have for example cTj^ C (Jj^ and Uj^ + 2 C Oj^. Let us write Uj^ = 
{li,li + 2, ,pi\ and (72 = {^2, h + 2, ,^2}- So we have Z2 < ^1 and pi < P2 — 2. Let m = mim2 be a 
dominant 3^-monomial of L(mo-i 7^0-2) — L{ma^)L{m„2) where mi (resp. 7712) is a 3^-monomial of L(m(ji) 
(resp. L{raa^)). If TO2 is not Wo-a, we have i^^^ in m2 which can not be canceled by mi. So m = mim„^. 
Let us write mi — m„^A^^j^-^...A'jj^^^_2j.. So we just have to prove: 

^pi+l---^pi+l-2r'^o-2 = ^'^o-2^pi + l---^pi + l-2r 

This follows from (/ G Z): 

Ai^Yi_^Yi+^ = l^^iFi+ii-i 

For the last assertion it suffices to show that Ft(ma^) . . ■Ft(raa-j^) has no other dominant 3^t-monomial than 
m^i.-.m^r^. But Ft{mci)---Ft{map.) has the same monomials than L{mai)---L{m^j^) = L{'m„^...ma,i). As 
mai-'-maj^ is regular we get the result. □ 

4.5.4. Technical complements. Let us go back to the general case. We give some technical results which 
will be used in the following to compute Fi,t{m) in some cases (see proposition 15 . 1 71 and sectional. 

Lemma 4.14. Let i be in I , I € 1^, M € A such that Uij{M) = 1 and Ui,ij^2ri = 0. Then we have 
N{M,A-^^^^) = -1. In particular 7r-i(MA-/+^J = tMA-^^^^. 

Proof: We can suppose M —: M : and we compute in y^. 

Afi-i+,^ =^+(m)exp( u,AM)h"^q-"''yA-m]) 

m>0,r£Z,j£l 

exp(^ -/i'"g-('+'-')'"a,[-m])exp(^ - /i^g^'+'-'^^a.H) 

m>0 m>0 

=: MArj^^^ : exp( ^ /i2"([a,[-m], a,[m]] - ^u,,,(m)[2;,[-m], a,[m]]g('+'^--'-)"c„) = tn : ^'uA^'+,. : 

m>0 reZ 

where: 

R{z) = -(z^'-' - z-^"^*) + ^u,,^(M)z('+'''-'-)(z'^' - z-'-') 

■rez 

So: 

AA(f,,i,Mi-/+,,^) = ^«,,,(M)(z2'^'+'-'^ - z'-^o - -7iM(M) +^M+2n(M) - -1 

□ 

Lemma 4.15. Lei m 6e m smc/i that V/ G Z, Ui,i{m) < 1 anrf /or 1 < r < 2ri the set 

{I G 'Z/ui,r+2iri{'ni) — 1} is a 1-segment. Then we have Fi^m) — TT^^{Fi{m)). 

Proof: Let us look at the s?2-case : m = mim2 = ma^rn^^ where (Ti,f72 are 2-segment. So the lemma 
14.131 sfives an explicit formula for Ft{m) and it follows from lemma 11.141 that Ft{m) = 7r~^(_F(m)). 

We go back to the general case : let us write m — m'mi...m2ri where m' = J| y_"3,i('") 

m-r = n^i"r+2/r"' " • We havc rur of the form m^ = >^i,i,>^j,i,+2r, ■••i^j,i,.+2n,ri • We have Fi^m) = 

t-^(™''"i-™'_W^;,t(mi)...F,,t(m2,.J. The study of the s;2-case gives F,,t(m^) = 7r-i(F,(m^)). It follows 
from lemma ll.l4l tha,t: 

t-''^"''"''-"'^^m'TT-\F,{rm))...TT-\F,{mr)) = n-^m' F,{mi)...F,{mr)) = TT-\F,{m)) 
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□ 

5. Intersection of kernels of deformed screening operators 

Motivated by theorem 14.21 we study the structure of a completion of — f] Ker(S'i^i) in order to 
construct Xg t in sectional Note that in the s^2-case we have = Ker(5i t) that was studied in section 

H 

5.1. Reminder: classic case (j^, p]). 

5.1.1. The elements E{m) and q-characters. For J C I, denote the Z-subalgebra ~ f] C y and 
A = j^/. 

Lemma 5.1. ^) A non zero element of has at least one J -dominant y -monomial. 

Proof: It suffices to look at a maximal weight 3^- monomial m of x £ -^j: for i J we have m ^ Bi 
because x G D 

Theorem 5.2. (|^, ^) For i ^ I there is a unique EiYi^o) G ^ such that K^.o is the unique dominant 
y -monomial in E{Yi^Q). 

The uniqueness follows from lemma [5?T1 For the existence we have EiYifi) — x<j(K;i(l)) (theorem 14.211 . 

Note that the existence oi EiYi^o) £ ^ suffices to characterize Xq ■ Rep — > A. It is the ring homomorphism 
such that XqiXi.i) = si{E{Yi^o)) where si : y ^ y is given by s;(y,,fe) = Yj^k+i- 

For m e i?, we defined the standard module Af,„ in section [2l We set: 

E{m) = n .s,(i?(r.,o))"-''("^ - Xq{M^) e Si 

meB 

We defined the simple module Vm in sectional We set L(m) = Xg(Kn) £ We have: 

= ZE{m) = ZL{m) - Z^^l 

meB meB 

For TO e _B, we can also define a unique F{m) G A such that to is the unique dominant J^-monomial 
which appears in F{m) (see for example the proof of nronosition l4.12ll . 

5.1.2. Technical complements. For J C /, let gj be the semi-simple Lie algebra of Cartan Matrix 
{Cij)ij^j and Uq{g)j the associated quantum affine algebra with coefficient {ri)i(zj. In analogy with 
the definition of Ei(m),Li{m) using the s/2-case fsection l4.1.4ll . we define for to G Bj: Ej{m), Lj{m), 
Fj{m) G Rj using Uq{Q)j. We have: 

J?,/ = ZEj{m) = ZLj(m) = ZF7(m) ~ Z^^'^ 

meBj meBj meB j 

As a direct consequence of proposition we have : 

Lemma 5.3. Form G B, we have E{m) G Z[yi.;]jg/ where lirii) = min{l G Z/Eli G I,Uij{m) ^ 0}. 

5.2. Completion of the deformed algebras. In this section we introduce completions of X and of 

^J,t = C\^i,t C yt {J C /). We have the following motivation: we have seen 7T+{Kj^t) C (section 

ieJ 

0J|. In order to prove an analogue of the other inclusion (theorem we have to introduce completions 
where infinite sums are allowed. 
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5.2.1. The completion ofyt. Let At be the Z[t±]-module At = JJ Z[t'^].m ~ Z[i±]^. An element 

oo oo 

{^m{t)m)m£A G At is noted ^m{t)rn. We have Z[f*].m — yt C At. The algebra structure of yt 

oo oo oo oo oo 

gives a Z[i^]-bilinear morphisms yt®At^ At and At®yt At such that At is a 3^t-bimodule. But 

, oo 

the Z[t*]-algebra structure of yt can not be naturally extended to At. We define a Z[f*]-submodule y^" 

oo 

with X C y^ C At, for which it is the case: 

Let y^ be the Z[t='=]-subalgebra of yt generated by the {A~l)i^i^i^j^. We gave in proposition K^.12l the 
structure of y^. In particular we have y(^ — yt'^ where for K >Q: 

K>0 



yf'^= z[t^].mcyf 



m=:A7\ ...A7^ , : 

Note that for Ki,K2 > 0, yf'^'yf^'^^ C yf^^^+^^ for the multiplication of yt. So y^ is a graded 
algebra if we set deg(a:) = K for x £ yf'^. Denote by yf'°° the completion of yf for this gradation. It 

oo 

is a sub-Z[t*] -module of At. 

oo oo 

Definition 5.4. We define y^ as the sub yt-leftmodule of At generated by yt 

A oc ^ 

In particular, we have: y^ = ^ M.yt '°^ C At. 

MeA 

Lemma 5.5. There is a unique algebra structure on y^ compatible with the structure ofyt C y^ ■ 

Proof: The structure is unique because the elements of 3^^°° are infinite sums of elements of yt. For 

M e A, we have '°°.M c M.yf'"^', so y^ is a sub >'t-bimodule of At. For Af e A and A e yf""" 
denote A*^ G yf'°° such that A.M = M.A^. We define the Z[t±]-algebra structure on 3^^°° by (M, M' e 

A,x,x'eyfn-- 

{M.X){M'.X') = MAf'.(A*^'A') 

It is well defined because for Mi,M2,M e A, A, A2 £ y^ we have A-/1A1 = M2X2 => MiMXf = 
MaMAf. □ 

5.2.2. T/ie completion .ftfj of ^_t. We define a completion of .^i.t analog to the completed algebra y^ . 

For M £ A, we define a Z[t±]-linear endomorphism : My/^'°° Myf'°° such that (m J^/'- 
monomial): 

E^ftiMm) = if : Afm :^ 
Ef^(Mm) = E,^t{Mm) if : Afm :G Si 
It is well-defined because if m e yf'^ and : Mm :£ we have E^^t{Mm) £ M y^'^' . 

K'>K 

Definition 5.6. We define ii°°t = E Im{Ej^i) C ^4°°. 

For J C /, we set J^3°t = fl ^^t and il^ = iif^f 

ie.J 

Lemma 5.7. j4 non zero element of KJ^t has at least one J -dominant yt-monomial. 
Proof: Analog to the proof of lemma lol 

Lemma 5.8. For J <Z I , we have n J^t = J?j,t- Moreover J?3°t « Z[t'^]-subalgebra ofy^. 
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Proof: It suffices to prove the results for J = {?}. First for m G Bi we have £"^^4(771) = EY\{m) € 
Sif^t and so J^,,t = Z[t'^]E,^tim) C n 3^*. Now let x be in i^,^^ such that x has only a finite 

number of J^t-monomials. In particular it has only a finite number of i-dominant 3^t-monomials mi, 
with coefficients Xi(t), ...,Xr{t). In particular it follows from lemma [5?7l tha.t x = Ai(t)Fi_t(mi) + ... + 
K{t)Fi^t{mr) E (see nronosition 14. 1 21 for the definition of Fi^t{rn)). 

For the last assertion, consider Mi, M2 & A and mi, m2 X'^'H^oiion^ials such that : MiTOi :, : M2m2 :€ Bi. 
Then Ei^t{Mimi)Ei^t{M2m2) is in the the sub-algebra C 3^t and in Im(£'*j^*^^). □ 

In the same way for t = 1 we define the Z-algebra 3^°° and the Z-subalgebras C y°° . 

The surjective map n+ : yt ^ y is naturally extended to a surjective map 7r+ : y^ 3^°°. For i G /, we 
have TT+{<^fl) — and for J C /, 7r+(.SJ^J C . The other inclusion is equivalent to theorem l5.13l 

5.2.3. Special submodules of y^ . For m & A, K > we construct a subset Dm.K C m{A^^i^...Aj^ 
stable by the maps EY\ such that IJ D^.k is countable: we say that m' G Dm,K if and only if there 

K>0 

is a finite sequence (mo = m, mi, ■■■^mn — m!) of length R < K, such that for all 1 < r < i?, there 
is r' < r, J C / such that m^' £ -Bj and for r' < r" < r, rrir" is a 3^-monomial of Ej{mr') and 

mr"m-,}_.^ e {^jjV^ e Z,j e J}. 

The definition means that "there is chain of monomials of some Ej{m") from m to m'". 
Lemma 5.9. T/ie se^ Dm,K is finite. In particular, the set Dm is countable. 

Proof: Let us prove by induction on K > that Dm,K is finite: we have Dm,o = {m} and: 

Dm,K+i C [J {3^-monomials of i?j(m')} 

JC/,m'G-Dm,j<nBj 

□ 

Lemma 5.10. For m,m' G A such that m' £ Dm we have Dm' C Dm- For M G A, the set B n Dm is 
finite. 

Proof: Consider (mo — to, toi, m^j = to') a sequence adapted to the definition of Dm- Let to" 
be in Dm' and [mR = to', to_r+i, to/j' = m") a sequence adapted to the definition of Dm> ■ So 
(mo,TOi, ...,mjii) is adapted to the definition of Dm, and to" e 

Let us look at m £ i? Pi Z?a/: we can see by induction on the length of a sequence (mo = M, toi, ...,mR — 

m) adapted to the definition of Dm that to is of the form m = MM' where M' = H z"' ' > 0). 

i£i,i>ii ' 

So the last assertion follows from lemma 1^.141 □ 

Definition 5.11. Dm is the 'E[t^]-submodule of y^ whose elements are of the form {Xm{t)m)m£D,„- 

For m G A introduce mo — m > mi > m2 > ... the countable set Dm with a total ordering compatible 
with the partial ordering. For fc > consider an element Fk G Dm^. ■ 

Note that some infinite sums make sense in Dm- for fc > 0, we have Dm^ C {mj;, m^+i, ...}. So to^ 
appears only in the Fk' with k' < k and the infinite sum ^ Fk makes sense in Dm ■ 

k>0 

5.3. Crucial result for our construction. Our construction of g, t-characters is based on theorem l5.13l 

proved in this section. 

5.3.1. Statement. 

Definition 5.12. For n > 1 denote P(n) the property "for all semi-simple Lie-algebras q of rank rk{Q) — 
n, for all m d B there is a unique Ft{m) G O Dm such that m is the unique dominant yt-monomial 
of Ft{m).". 
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Theorem 5.13. For all n > 1, the property P{n) is true. 

Note that for n = 1, that is to say S = ^h, the result follows from sectional 

The uniqueness follows from lemma, l5^ : if XI1X2 G M."^ are solutions, then xi ~ X2 has no dominant 
3^t-monomial, so Xi = X2- 

Remark: in the simply-laced case the existence is a consequence of the geometric theory of quivers [llj . 
|12j . and in A.^ Un-cases of algebraic explicit constructions In the rest of this section Ewe give an 
algebraic proof of this theorem in the general case. 

5.3.2. Outline of the proof. First we give some preHminary technical results f section [Oil in which we 
construct i-analogues of the E{m). Next we prove P{n) by induction on n. Our proof has 3 steps: 

Step 1 fsection f5.5p : we prove P(l) and -P(2) using a more precise property Q{n) such that Q{n) P{n). 
The property Q{n) has the following advantage: it can be verified by computation in elementary cases 
n = 1,2. 

Step 2 fsection [5.6|l : we give some consequences of P{n) which will be used in the proof of P{r) (r > n): 
we give the structure of (proposition I5.19|l for rk(g) = n and the structure of Ay^. where J C /, 
|J| = n and |/| > n (corollary ESDI- 

Step 3 (section : we prove P{n) {n > 3) assuming P{r), r < n are true. We give an algorithm 
(section 15. 7. 211 to construct expHcitly Ft (m) . It is called i-algorithm and is a t-analogue of Frenkel- 
Mukhin algorithm (a deformed algorithm was also used by Nakajima in the ADE-case Ql]). As we 
do not know a priori the algorithm is well defined the general case, we have to show that it never fails 
f lemma ['5.2411 and gives a convenient element (lemma 

5.4. Preliminary: Construction of the Et{m). 

Lemma 5.14. We suppose that for i ^ I, there is Ft{Yi_Q) G fl i'y'. (, such that l^^o is the unique 
dominant yt -monomial ofFt{Yi Q). Then: 

i) All yt-monomials of Ft{Yi,o) , except the highest weight yt-monomial, are right negative. 

a) All yt-monomials of Ft{Yi.o) are products ofY^i with I > 0. 

Hi) The only yt-monomial of FtlYi.o) which contains a Yj^Q (j G I) is the highest weight monomial 

iv) The Ft{Yi,Q) (i G I) commute. 

Note that (i),(ii) and (iii) appeared in j^. 
Proof: 

i) It suffices to prove that all 3^t-monomials mo — Yi^g^mi, ... of Dyi o except l^^o are right negative. 
But mi is the monomial Yi^oA~l of Ei{Yifi) and it is right negative. We can now prove the statement by 
induction: suppose that m^ is a monomial of Ej(mri), where m^' is right negative. So to^ is a product 
of rriri by some Aj^ (l G Z). Those monomials are right negative because a product of right negative 
monomial is right negative. 

ii) Suppose that m G A is product of Y^^ with ? > 0. It follows from lemma |OI that all monomials of 
D„i are product of Y^^ with ^ > 0. 

iii) All 3^-monomials of Dvi o except Yfi are in I?y. ^^-1 . But ^(^^,0^^^^;) — 1 ^^d we can conclude 
with the help of lemma l573l 

iv) Let i ^ j he in I and look at Ft{Yifi)Ft{Yjfi). Suppose we have a dominant ^'t-monomial mo = 
miTO2 in Ft{Yifi)Ft{Yj,o) different from the highest weight J^t-monomial YifiYj Q. We have for example 
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mi ^ Yifi, SO mi is right negative. Let h be the maximal I such that a Ykj appears in mi. We have 
Uk,i{rni) < and I > 0. As Uk,i{'mo) > we have Uk,i{m2) > and m2 ^ Yj,o- So m2 is right negative and 
there is fc' e / and I' > I such that Uk'.i'{m2) < 0. So u/£',;'(™i) > 0, contradiction. So the highest weight 
3^t-monomial oi Ft{Yi,o)Ft{Yj^o) is the unique dominant 3^t-monomial. In the same way the highest weight 
3^t-monomial of Ff (Y, o)-Pt(^,o) is the unique dominant 3^t-monomial. But we have li,o^",o = ^",0^4,0, so 
Ft(Yi^o)Ft{Yj,o) ~ Ft{Yjfi)Ft{Yifi) € R'^ has no dominant 3^t-monomial, so is equal to 0. □ 

Denote, for / e Z, by s; : 3^^°° the endomorphism of Z[i^]-algebra such that si{Yj^k) — Yj^k+i (it 

is well-defined because the defining relations of J^t are invariant for k 1-^ k + I). If the hypothesis of the 
lemma 1^.141 are verified, we can define for m G t^B : 

Etirn) = m(nn^-''(™Vinn^,(i^t(^^o))"-(™) 6 
because for Z e Z the product Y\ si{Ft{Yi.o))"^''^"^^ is commutative flemma l5.14|l . 

5.5. Step 1: Proof of P{1) and P{2). The aim of this section is to prove P{1) and P{2). First we 
define a more precise property Q{n) such that Q{n) => P{n). 

5.5.1. The property Q{n). 

Definition 5.15. For n > 1 denote Q{n) the property "for all semi-simple Lie-algebras g of rank rk{Q) — 
n, for all i G I there is a unique Ft{Yifi) e ^-Dy. ^ such that Yi^ is the unique dominant yt-monomial 
of FtiXifi). Moreover FtiYi^o) has the same monomials as E{Yifi)". 

The property Q{n) is more precise than P{n) because it asks that FtiYi^) has only a finite number of 
monomials. 

Lemma 5.16. For n>\, the property Q{n) implies the property P{n). 

Proof: We suppose Q{n) is true. In particular the section WA\ enables us to construct Et{m) S ^ for 
m G B. The defining formula of Et{m) shows that it has the same monomials as E{m). So Et{m) S Dm 
and Et (m) S ■ 

Let us prove P{n): let m be in B. The uniqueness of Ft{m) follows from lemma IKTzl Let m^ = 
m > mi_i > ... > mi be the dominant monomials of Dm with a total ordering compatible with the 
partial ordering (it follows from lemma I^TTH that Dm n i3 is finite). Let us prove by induction on I the 
existence of Ft{mi). The unique dominant of Dmi is mi so F((mi) = Et{mi) e Dmi- In general let 
Ai (<:),..., A/_i(t) G Z[t*] be the coefficient of the dominant 3^t-monomials mi,...,m;_i in Et{mi). We 
put: 

Ft{mi) = Et{mi) - ^ A,(t)Ft(m,) 

r=l...i-l 

We see in the construction that Ft(ra) e Dm because for m' e Dm we have Et{m') e Dm' ^ Dm (lemma 

Onji . □ 

5.5.2. Cases n = l,n = 2. We need the following general technical result: 

Proposition 5.17. Let m he in B such that all monomial m' of F{m) verifies : \/i G I,m' G Bi implies 
\fl e IijUijim') < 1 and for I < r < 2ri the set {I G Z/ui^r+2iri (m') = 1} is a 1-segment. Then 
7r~^(F(m)) e yt is in At and has a unique dominant monomial m. 

Proof: Let us write F(m) — J2 /u(m')m' (/i(m') G Z). Let z be in / and consider the decomposition of 

rn'eA 

F{m) in .^: 

F(m) = ^ fi(m')Fi{m') 
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But fi(rn') ^ implies the hypothesis of lemma 11.151 is verified for m' S Bi. So tt ^{Fi(m')) = Fi,t{m'). 
And: 

□ 

For n — 1 (section l4.5|l . n = 2 (section |H|l , we can give explicit formula for the E(Yifi) = F{Yi,o). In 
particular we see that the hypothesis of proposition IOtI are verified, so: 

Corollary 5.18. The properties Q{1), Q(2) and so P{1), P{2) are true. 

This allow us to start our induction in the proof of theorem 15.131 
In section im we will see other applications of proposition 15. 171 

Note that the hypothesis of proposition 15.171 are not verified for fundamental monomials m — Yi^ in 
general: for example for the D^-case we have in F(Y2S)) the monomial ^^3^5"/ ^2 4 ^ 

5.6. Step 2: consequences of the property P{n). Let be n > 1. We suppose in this section that 
P{n) is proved. We give some consequences of P[n) which will be used in the proof of P{r) {r > n). 

Let be the Z[i^]-submodule of ^ generated by elements with a finite number of dominant J^t- 

monomials. 

Proposition 5.19. We suppose rkio) — n. We have: 

^^J^ 0Z[t±]Ft(m)^Z[i±](^) 

Moreover for M G A, we have: 

nDM= Z[t^]Ft{m) ~ Z[i±]^"^" 

meBnDM 

Proof: Let X be in M.'^''^ and mi, e B the dominant >'t-monomials of x and Xi{t), ...,XL{t) £ Z[t^] 
their coefficients. It follows from lemma 15. 71 that y = ^ Xi{t)Ft{mi). 

1 = 1. ..L 

Let us look at the second point: lemma IS. 101 shows that m £ B Dm Ft{ra) G Dm- In particu- 
lar the inclusion 13 is clear. For the other inclusion we prove as in the first point that C\ Dm — 
Z[t='=]F((m). We can conclude because it follows from lemma, ITTll that Dm fl B is finite. □ 

meBnDM 

We recall that have seen in section 15.2.31 that some infinite sum make sense in Dm- 

Corollary 5.20. We suppose rk{Q) > n and let J be a subset of I such that \ J\ = n. For m G Bj, there 
is a unique ^/((m) G such that m is the unique J -dominant yt-monomial of Fj^t(jn). Moreover 

F.Lt{m) e Dm- 

For M G A, the elements of Ay^. fl Dm are infinite sums ^ \m(t)Fj^t{fn). In particular: 

meBjnDM 

Kj^tODM ^^t^f''^°" 

Proof: The uniqueness of Fj,t{m) follows from lemma [5?7l Let us write m = mjm' where 

TO,/ = Yi Y^"'"' So TOj is a dominant 3^t-monomial of Z[Y^^i]i^jj^z- In particular the proposition 

15.191 with the algebra Uq{Q)j of rank n gives tojx where x S ZlA'^f^^''' ^ ,t^]i^j^i(zi (where for i G 
1,1 eZ, A'^^f^'^^ = PijiAfi) where /3/,j(f,^) = S.^jYr^^). So we can put F«(to) = mi^j^tix) where 
lyj^t : Z[A'^f^^''-\t^],ej,iez -> is the ring homomorphism such that i/j,t(i"^^^^-''"') = A~l . 
The last assertion is proved as in proposition 15. 191 □ 
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5.7. Step 3: t-algorithm and end of the proof of theorem l5.13L In this section we explain why the 
P{r) (r < n) imply P{n). In particular we define the i-algorithm which constructs explicitly the Ft{m). 

5.7.1. The induction. We prove the property P{n) by induction on n > 1. It follows from section EH 
that P(l) and P(2) are true. Let be n > 3 and suppose that P{r) is proved for r < n. 

Let m_|_ be in B and mo = rn+ > mi > m2 > ■■■ the countable set -Dm+ with a total ordering compatible 
with the partial ordering. 

For J I and m e Bj, it follows from P(r) and corolla,rv l5.2fll tha,t there is a unique Fj^t{m) G DmCi^y^ 
such that m is the unique J-dominant monomial of ^/((m) and that the elements of H are the 
infinite sums of 3^(°°: ^m{t)Fj^t{m) where Xm{t) G "Llt"^]. 

Urn e A - Bj, denote Fj^tim) = 0. 

5.7.2. Definition of the t-algorithm. For r,r' >0 and J I denote [-Fj,t(™r')]"ir ^ the coefficient 
of rrir in Fj^t{mr'). 

Definition 5.21. We call t-algorithm the following inductive definition of the sequences (s{mr){t))r>o G 

Z[<±]N, {S.j{mr){t))r>^ G Z[i±]N £ 

s(mo)(i) = 1 , sj(too)W =0 

and /or r > 1, J C /; 

Sj{mr){t) = '^{s{mr'){t) - Sj{mr'){t))[Fj^t{mr')]m, 
r' <r 

if rUr ^ Bj, s{mr){t) — Sj{mr)(t) 
if rUr G B, s{mr){t) = 

We have to prove that the i- algorithm defines the sequences in a unique way. We see that if s{mr)T sj{mr) 
are defined for r < i? so are sjlmR+i) for J C I. The sjirnR) impose the value of s(mfl+i) and by 
induction the uniqueness is clear. We say that the t-algorithm is well defined to step R if there exist 
s{mr), sjirrir) such that the formulas of the t-algorithm are verified for r < R. 

Lemma 5.22. The t-algorithm is well defined to step r if and only if: 

VJi, J2 £ /,Vr' < r,mr' ^ Bj^ and m,.' ^ Bj^ => sj^(mr'){t) = sj^{mr'){t) 

Proof: If for r' < r the s{mr'){t), sj{mr'){t) are well defined, so is sj{mr){t). If G B, s[mr){t) = is 
well defined. If ^ B, it is well defined if and only if {sj{mr)(t)/fnr ^ Bj} has one unique element. □ 

5.7.3. The t-algorithm never fails. If the t-algorithm is well defined to all steps, we say that the t-algorithm 
never fails. In this section we show that the t-algorithm never fails. 

If the t-algorithm is well defined to step r, for J ^ / we set: 

fj.j{mr){t) = s{mr){t) - s,j{mr){t) 

r' <r 

Lemma 5.23. // the t-algorithm is well defined to step r, for J C I we have: 

Xj e (^s(mr')(t)mr') + sj(mr+i)(t)mr+i + ^ Zlf^jnir' 

r' <r r'>r+l 

For Ji C J2 C /, we have: 

X^J.=X:j, + Y.^r'{t)Fj,,t{mr^) 
where \r'{t) G Z[^^]. In particular, if mr-\-i ^ we have sj^.i(m^_^i) — sj^_t{'>T^r-\-i)' 
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Proof: For r' < r let us compute the coefficient (Xj)m^/ G of nir' in Xj: 

r"<r' 

= {s{Tnr'){t) - Sj{mr'){t))[Fj^t{mr')]„i^, + ^ {s{mr»){t) - Sj{mr"){t))[Fj^t{mr")]ra^, 

r" <.r' 

= {s{mr'){t) - Sj{mr')(t)) + Sj{mr'){t) = s{mr')it) 

Let us compute the coefficient (Xj)m^+i G Z[t*] of rTi^+i in Xj: 

{Xj)mr+i = X! (sl^i-'Ol^) - ■Sj(™r")(^))[-F'xt(™»-")]nir+l =Sj(mr+l) 
r"<r+l 

For the second point let Ji C J2 C /. We have ^ -^jj" t ^ and it follows from P{\Ji\) and 

corollary 15. 201 for section IB. 5 .21 if |Ji| < 2) that we can introduce Am,., (i) £ such that : 

r'>0 

We show by induction on r' that for r' < r, m^' £ Bj^ ^ ^m^,{t) = fij^{mr'){t). First we have 
^ma{t) = (Xjjmo = s(mo)(i) = 1 = ^./.(toq)- For r' < r: 

s{mr'){t) = A„j^, (f) + ^ Am^„(t)[i^jj^f(mr")]m,, 

r" <ir' 

>^ra^,{t) = s{mr')(t) - ^ /i (m^' ) (0 [-P"./! ,t ('"r" )] m^, = s{mr'){t) - Sj^{mr'){t) = fij^{mr'){t) 
r" <^r' 

For the last assertion if m^+i ^ -Bj^ , the coefficient of Wr+i in X) ^[^^]-P'Jl,t("^r') is 0, and (Xj2)mr+i = 

r'>r 

(Xji)mr+i- It follows from the first point that sji^t(mr+i) — sj^^timr+i)- □ 
Lemma 5.24. The t-algorithm never fails. 

Proof: Suppose the sequence is well defined until the step r — 1 and let Ji , J2 51 / such that rur ^ Bj^ 
and rUr ^ Bj^. Let i be in Ji, j in J2 such that rrir ^ and to^ ^ Consider J = 5- ^- The 

Xj'^ iXi^^ ^Xj^^ e have the same coefficient s{mr'){t) on Wr' for r' < r — 1. Moreover: 

Si{mr){t) = (xr^)m, , Sj{mr){t) = (x^"^)m, , Sj{mr){t) = (xS^^)™. 

But rrij. ^ Bj, so: 

r'<r— 1 r'>'r+l 

So (Xj^^)mr = (x[^^)mr and we have Si{mr){t) = sj{m.r){t). In the same way we have Si(mr)(t) = 
sji(TOr)(0; ^j{''^r){t) = s,j{mr){t) and Sj{mr){t) — sj2{mr){t). So we can conclude sj-^{mr){t) = 
sj^{mr){t). □ 

5.7.4. Proo/ 0/ It follows from lemma l5?2il tha,t x = s{mr){t)mr € 3^^°° is well defined. 

r>0 

Lemma 5.25. We have x G ^T' 0-^™+- Moreover the only dominant yt-monomial in x is rng — m+. 

Proof: The defining formula of x gives x G £'m+ • Let « be in / and: 

Xi = ^fJ'i{mr)(t)Fi^t(mr) e 

r>0 

Let us compute for r > the coefficient of nir in x — Xi : 

(X - Xi)m, = s{mr){t) - ^Mi("V')(*)[^J,t("V')]m. 

r' <r 

= s{mr){t) - Si{mr){t) - ^J.iimr){t)[Fi^ti'rnr)]rn^ = (s(TO,.)(t) - Si(mr)(t))(l - [Fi^t(mr)]mJ 
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We have two cases: 

if TO,, e Bi, we have 1 — [Fi^t{mr)]rnr — 0- 

if rrir ^ Bi, we have s{'mr){t) — Si{m.r){t) = 0. 

The last assertion follows from the definition of the algorithm: for r > 0, <E B ^ s(rnr){t) =0. □ 
This lemma implies: 

Corollary 5.26. For n >3, if the P{r) (r < n) are true, then P{n) is true. 
In particular the theorem l5.13l is proved by induction on n. 

6. MORPHISM OF g, t-CHARACTERS AND APPLICATIONS 

6.1. Morphism of t-characters. 

6.1.1. Definition of the morphism. We set Repj = Rep (8>z ^[i^] = '^[Xi,iT't^]i(^i,i(^i- We say that M e 
Repj is a Repj-monomial if it is of the form M = Y\ I'' {xij > 0). In this case denote Xij{M) = Xij. 

Recall the definition of the Et (to) (section 15.411 . 

Definition 6.1. The morphism of q^t- characters is the Z[t^]-linear map Xq.t '■ RePt 3^t°° such that 
Ki > 0): 

x,A n n ^3") 

6.1.2. Properties ofxq.t- 

Theorem 6.2. We have i:+{Im{xq,t)) C y and the following diagram is commutative: 

Rep ^ Imixq.t) 

id I i T'+ 

Rep ^ y 

In particular the map Xq.t is injective. The 'Z[t^]-linear map Xq,t '■ Rept y^ is characterized by the 
three following properties: 

1) For a Repi-monomial M define m = 7r^^( Y[ Y^^^' ''-*^'') g A and rh ^ At as in section rs.5.2l 
Then we have : 

Xq,t{M) = TO + ^ a„i'{t)m' (where a„i'(t) G 

rn' <m 

2) The image of Im{xq,t) is contained in .ft^. 

3) Let Mi,M2 be Rep^-monomials such that max{l/J2^i,i{Mi) > 0} < min{l/J2^ 1,1(^^2) > 0}. We 
have : 

XqAMlM2) = XqAMl)XqAM2) 

Note that the properties 1, 2, 3 are generalizations of the defining axioms introduced by Nakajima in ^2] 
for the ADE-case; in particular in the ADE-case Xq t is the morphism of q, i-characters constructed in 

Proof: 7r+(Im(xq^t)) C y means that only a finite number of J^t-monomials of Et{m) have coefficient 
A(t) ^ [t — l)Z[t*]. As FtiYifl) has no dominant 3^t-monomial other than Yi^, we have the same property 
for 7r+(Ft(y,^o)) e and 7r+(i^f (y;,o)) = E{Y,^o) G 3^. As 3^ is a subalgebra of 3^°° we get T:+{Et{ra)) G y 
with the help of the defining formula. 
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The diagram is commutative because ir+osi = si 7r+ and '!T^{Ft{Yi,o)) = E{Yi,Q). It is proved by Frenkel, 
Reshetikhin in |^ that Xq is injective, so Xq,t is injective. 

Let us show that Xg.t verifies the three properties: 

1) By definition we have Xg,t(Af) = Et{m). But si{Ft{Yi^o)) = Ft{Y,^i) E D{Yij). In particular 
si{Ft{Yi^o)) is of the form Yi^i + J2 ^m'{t)m' and we get the property for Et{m) by multiplication. 

m'<Yij 

2) We have s/(Ft(fi,o)) = Et{Y,^i) e and ii^ is a subalgebra of y^, so Im(xg,t) C . 

3) If we set L = max{l/J2x^AMl) > 0}, mi = J] = 11 we have: 

ie/ ' iei.iei ' iei.iei 

i<Liei i>Liei 

and in particular: 

Et{mim2) = Et{mi)Et{m2) 

Finally let / : Rep^ be a Z[t^]-linear homomorphism which verifies properties 1,2,3. We saw 

that the only element of R!^ with highest weight monomial Yi^i is si{Ft{Yi^Q)). In particular we have 
f{Xij) — Et{Yij). Using property 3, we get for M G Repj a monomial : 

fiM) = nn/(^M)"'^'^"^ - f[U'^{Ft{Y.,o)r'^"'^ = Xq,t{M) 

□ 

6.2. Quantization of the Grothendieck Ring. In this section we see that Xg-t allows us to define 
a deformed algebra structure on Rep^ generalizing the quantization of The point is to show that 
Im(xg,t) is a subalgebra of R!^ . 

6.2.1. Generators of R^"^ . Recall the definition of R^''^ in section IKHI For m £ B, all monomials of 
Et{m) are in {mA~^\^...A~^ ^^/k >0,lk > L} where L = min{Z G Z, 3i G I,Uij{m) > 0}. So it follows 
from lemma 1?^. 141 that Et{m) € R^ has only a finite number of dominant -monomials, that is to say 
Et{m) e J^T'^- 

Proposition 6.3. The Z[t^]-module R^''^ is freely generated by the Et{m): 

j^-./^ 0Z[<±]i?,(m)^Z[i±](^) 

Proof: The Et{m) are Z[t*]-linearly independent and we saw Et{m) G R'^''^ ■ It suffices to prove that the 
Et{m) generate the Ft{m): let us look at mo G B and consider L — min{/ G Z, Eli G I,Uij{mo) > 0}. In 
the nroof of lemma l3mi we saw there is only a finite dominant monomials in {moA-^"'^^ '^ ...A^^]'^'''^ / R > 
0,ir £ I,lr > L\. Let mo > mi > ... > m^i G S be those monomials with a total ordering compatible 
with the partial ordering. In particular, for < c? < Z? the dominant monomials of Et{md) are in 
{md, md+i, m£)}. So there are elements {Xd.d'{t))vi<d4'<D of Z[i^] such that: 

Et{md)^ Xd,d'{t)Ft{md') 

d<d'<D 



We have \d,d'{i) = if d' < d and Xd,d{t) = 1. We have a triangular system with 1 on the diagonal, so it 
is invertible in Z[i^]. □ 



34 



DAVID HERNANDEZ 



6.2.2. Construction of the quantization. 
Lemma 6.4. R^''^ is a subalgebra of . 

Proof: It suffices to prove that for mi, 7712 £ B, Et(mi)Et{m2) has only a finite number of dominant 
3^t-monomials. But Et{mi)Et{m2) has the same monomials as Et{raim2). □ 

It follows from nronosition 16.31 that Xg,t is a Z[i='=]-linear isomorphism between Repj and ^'-^ . So we 
can define: 

Definition 6.5. The associative deformed 1[t^]-algehra structure on Rep^ is defined by: 

VAl, A2 e Rept, Al * A2 = Xq,t{Xq,t{^l)Xq,t{^2)) 

6.2.3. Examples: sl2-case. We make explicit computation of the deformed multiplication in the s^2-case: 
Proposition 6.6. In the sl2-case, the deformed algebra structure on Rep^ — Z[Xi,t^]i^z is given by: 

Xi, * Xi, * ... * Xi^ = Xi,Xi,...Xi^ ifh <l2< ... < Irn 

Xi * Xi, = f'XiXi, = f'Xi, *Xi ifl>l' and I ^ I' + 2 

Xi * Xi-2 = t-^XiXi-2 + t^(l - t-^) = t-^Xi-2 *Xi + {l- t-^) 
where j ^ Z is defined by YiYi = f^Yi'Yi. 

Proof: For / G Z we have the q, i-character of the fundamental representation Xi: 

Xq.tiXi) =Yi+ Y-\ = Yi{l + 

The first point of the proposition follows immediately from the definition of Xq-t- For example, for 1,1' ^ Z 
we have: 

Xqj{XiXii) = XqAXm\n(l,l'))Xq,t{Xma^(l,l')) 

In particular if I < I' , we have Xi * Xf — XiXv . Suppose now that I > I' and introduce 7 G Z such that 
YiYi' = f^YpYi. We have: 

Xq.t{Xi)xq.t{X'i) = Yi{^+tAl,\)Y,{l + tA-l,) 

= f^Yi.Yi + t-<+^Yi,YiA-^^ + F+i+2*M'+2i-,i-i + t^+^Yv A-l^YiAl^^ 

= t^XqAXi'Xi) + i^+i(i2«M'+2 _ i)Yi,A-l^Yi 

If ; 7^ /' + 2 we get Xi * Xv = fXv * Xi. If 1 = 1' + 2, we have: 

Yi'A~l-^^Yif+2 = t^^YiTl^Yi +2 = 

But t^YiYi^2 = Yi^2Yi, so Xi * X,_2 = i"'^/-2 * Xi + t-^{t^ - 1). □ 
Note that 7 were computed in section 13.5.41 

We see that the new Z[i^]-algebra structure is not commutative and not even twisted polynomial. 

6.3. An involution of the Grothendieck ring. In this section we construct an antimultiplicative 
involution of the Grothendieck ring Rep^. The construction is motivated by the point view adopted 
in this article : it is just replacing C|;| by — C[i|. In the ADE-case such an involution were introduced 
Nakajima JT^ with different motivations. 
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6.3.1. An antihomomorphism ofH. 

Lemma 6.7. There is a unique C-linear isomorphism ofH which is antimuUiplicative and such that: 



Cm = -Cm , ai[r] =cii[r] (m > 0,i G I,r € Z - {0}) 
Moreover it is an involution. 

Proof: It sufSces to show it is compatible with the defining relations of H {i,jGl,m,rGZ — {0}): 



SmMl"" - Q-'^)Bi,j{q'^)cim\ = -SmMl"" ' Q~"')Bi,j{q"')c\m\ 



For the last assertion, we have Cm = Cm and ai[r] = ai[r], and an algebra morphism which fixes the 
generators is the identitjf. □ 

It can be naturally extended to an antimultiplicative C-isomorphism of Hh- 
Lemma 6.8. The l^-suhalgebra C Tih verifies C 3^^. 

Proof: It sufSces to check on the generators of (i? € il, i € /, Z G Z) : 

= exp(5^/i2-i?(5™)(-c„)) = t.R 

m>0 



% = exp(^ /i'"ya-m]g-"")exp(5^ /i-y^Hg'™) 

m>0 m>0 

exp(^/i2"[2/,[-m],2/,H])yi,; = i-c.,,(,)(,,-g-i)^'i,; e 



m>0 

yi,i = {yi,i)~^ = s yu 



□ 



6.3.2. Involution ofyt- As for i?,, R' e II, we have tto{R) = 7ro(i?') 7ro(— i?) = 7ro(— i?'), the involution 
oiyu (resp. oiHh) is compatible with the defining relations of (resp. Ht)- We get a Z-linear involution 
of yt (resp. of Ht)- For A, A' e yt, a € Z, we have: 

XJ7 =}/.X ,t^= t-"\ 

Note that in ior i& 1,1 e Z: 

J~l = exp( /i™ai[-m](Z-'™)exp( /i^aiN?'™) 

m>0 m>0 

= exp(^/i^™[ai[-m],ai[m]]cm)Ai,; = t^_^2^^-2s^Ai^i 

m>0 

So in yt we have = Ai^i and A,^/ = 

6.3.3. The involution of deformed bimodules. 

Lemma 6.9. For i G I, the C Hh verifies yi^u C 3^i,„. 

Proo/.- First we compute for i e /, / G Z: 

^ = exp( E /^'"^^'/-"")exp( E 

m>0 '^^ m>0 ^« ^» 

= exp(2^/i -— ^c„)5i,( = S'i,; e 3^i,„ 

m>0 9i ; — 
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Now for A G we have X.Sij = t^,^^-i SijX. But it is in 3^i^„ because A G flemma IHl^ and yi^u is 

— =T 

a ^'jj-subbimodule of (lemma H^ . □ 

In Ht we have Sij = tSi^i because ^o( ^'^^-i ) = 1- As said before we get a Z-hnear involution of 3^i,t 
such that: 



AS'ij — tSijX 

We introduced such an involution in [H|. With this new point of view, the compatibility with the relation 
j+r, is a direct consequence of lemma^Jland needs no computation; for example: 



6.3.4. The induced involution of Rep i. 

Lemma 6.10. For i £ I, the subalgebra C yt verifies C ^i^t- 



Proof: Suppose A G ^^t, that is to say <S'i,t(A) = 0. So {t^ — l)S'i^f(A) = and: 



^(5,,iA - XS^J) = ^ tJ2iXS^J ~ S^,lX) - 

So i (1 - t^)Si^t (A) = and A e J?i,f . □ 
Note that x G 3^t has the same monomials as X) that is to say if x = X{t)m and X — /^(O™) 

have A(t) 7^ 7^ 0. In particular we can naturally extend our involution to an antimultiplicative 

involution on y^ . Moreover we have ^ C ^ and = Im(xq,t) C \m{xq,t)- So we can define: 

Definition 6.11. The Zi-linear involution of Rep ^ is defined by: 



VA e Rept , X ^ Xq,t (x«,t(A)) 

6.4. Analogues of Kazhdan-Lusztig polynomials. In this section we define analogues of Kazhdan- 
Lusztig polynomials (see \^^} with the help of the antimultiplicative involution of section 16. 31 in the same 
spirit Nakajima did for the ADE-c&se JS]- Let us begin we some technical properties of the action of 
the involution on monomials. 

6.4.1. Invariance of monomials. We recall that the J^/^-monomials are products of the A~l {i £ 1,1 £ Z). 
Lemma 6.12. For M a yt-monomial and m a yf^-monomial there is a unique a{M,m) G Z such that 

Proof: Let /? G Z such that m = t^m. We have Mm = rflM = t^+^Jlm where 7 G 2Z (section 1233 • 
So it suffices to prove that /3 G 2Z. 

Let us compute f}. Let 7r+(m) — Yl ^ii^''- In '^e have 7r+(m)7r_(m) = tjiTr^{m)Tr^{m) where 
TTo{R) — P and: 

R{q)= v,^rV,,r'Y.q'^-''-' 

i,jeI,r,r'eZ l>0 

where for Z > we set t^'M^^^l '11 _ Bij{q'-){q'- — q^') G Z[(7^] which is antisymmetric. For i = j, we have 
the term: 

-I]] 



Vi^rViy > q 

r,r'£Z l>0 
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l>0 {r,r'}Cl,,r^r' rel 

It is antisymmetric, so it has no term in . So iT{){R) ~ t^o{R') where R' is the sum of the contributions 
for i j: 

r.r'eZ i>0 

In particular Tro{R') G 2Z. □ 

For M a J^t-monomial denote A^^^ = {t°'^''^'^'-^^ Mm/m 3^/^ -monomial}. In particular for m' G A™^ we 
have m/m'~^ = MM'^ 

6.4.2. T/ie polynomials. For M a D^t-monomial, denote = t^B n A'^"/. 
Theorem 6.13. For m £ t^B there is a unique Lt{m) e K"^ such that: 



Lt{m) = {mm ^)Lt{m) 
Et{m) = Lt{m) + E Pm' ,m{i)Lt{m') 

where P,n',rnit) e t"iZ[i-i]. 

Those polynomials Pm',m{t) are called analogues to Kazhdan-Lusztig polynomials and the Lt{m) {m E B) 
for a canonical basis of ^{'°° . Such polynomials were introduced by Nakajima ^2] for the ^Z?i?-case. 



Proof: First consider Ft{m): it is in and has only one dominant >'t-monomial m, so Ft{m) = 
mm~^Ft{m). 

Let be m = m^ > tol-i > ■■• > m-o the finite set t^D{m) n B'^^ (see lemma l5.10|l with a total ordering 
compatible with the partial ordering. Note that it follows from section lfi.4.1l tha,t for L > ^ > 0, we have 



mim, ^ = mm ^ . 



We have Et{mo) = Ft(mo) and so Et{mo) = m^m^ ^Et{mo). As SJJJ^ = {mo}, we have Lt(mo) — Et{mo). 
We suppose by induction that the Lt{mi) {L — 1 > I > 0) are uniquely and well defined. In particular 
mi is of highest weight in Lt{mi), Lt{mi) — rfTlmY^ Lt{mi) = rrim^^Lt{mi), and we can write: 

Dt{mL) n = Z[t^]Ft{mL) ® Z[i±]Lt(mO 

0</<L-l 

±1 



In particular consider ai^L{t) G 1i[t^] such that 



Et{m) = Ft{m) + E"i.i W^tH) 
KL 

We want Lt (m) of the form : 

(mi) 

KL 



The condition Lt{m) — mm ^mLt[m) means that the Pi,L{t) are symmetric. The condition Pm' .m{t) & 
t~^Z[t~^] means ai^L{t) — (3i,L[t) G t~^Z[t~^]. So it suffices to prove that those two conditions uniquely 
define the A,z,W: let us write ai,L(t) ^ a+^{t) + al^{t)+aj-j^{t) (resp. Pi^Ut) = A+l W + A7l W) 

where af^it) e t^Z[t^] and al^it) e Z (resp. for P). The condition aixit) - fii,L[t) e t-'^Z[t-^] 
means Pi^it) = a'lxit) and Pi^i^{t) = a^i^it). The symmetry of Pi,L{t) means (3^i^{t) — (i'[i^{t^^) — 
a- it-'). . . . . . ^ 
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6.4.3. Examples for g = sl2. In this section we suppose that = 5/2- 

Proposition 6.14. Let m G t^B such that Vl G Z,ui{m) < 1. Then Lt{m) = Ft{m). Moreover: 

where R{m') >1 is given by n^{m'm~^) = At^^^^ ...At^^^^ . In particular for m' G -B™" such that in' < m 
we have Pm' ,vi{t) = 

Proof: Note that a dominant monomial m' < m verifies G Z,ui{m') < 1 and appears in Et{m). We 
know that Dm n J^t = Z[t^]Ft{m'). We can introduce Pm',m{t) G such that: 

Et{m)^Ft{m)+ ^ P^'.mW-FtK) 

in'Gt'DmnB""-{m} 

So by induction it suffices to show that Pm'.mit) G 

-Pm',m(i) is the coefficient of m' in Et{m). A dominant J^t-monomial M which appears in Et{m) is of the 
form: 

M = m{mi...rnR+iy'^mitAj'_^^m2tAj'^^rn3...tAl'^mR+i 
where h < ... < Ir ^ Z verify {/^ + 2, — 2} n {/i, Ir-i, Ir+i, ■■■,Ir} is empty, u/^_i(m) = u;,,+i(m) = 1 
and we have set = H y^"'^™-*. Such a monomial appears one time in Et{m). In particular 

Pm',m{t) = where a G Z is given by M = t^m' that is to say MM^^ = t^'^'^m' ^ni' = t^^°'mr^m. 
So we compute: 

= t-^H^^Ai^...Ai^'mAi,...Ai,m-^ 

= t^" Al^ ...Al^^ Ai^...Ai,Tfim-^ ^ t^^mm-^ □ 
Let us look at another example m ~ YqY2. We have: 

Etim) = Lt{m) + t-^Lt{m') 

where to' = ifo^y^ J^-i g ^inv g^^^. 

Lt{m) = Ft(fo)i^t(lo^'2) = ^^0(1 + tAy)Yoy2{l + tA^\l + tA^)) 

Lt{m') = Ft{m') = tY^Y2Ay{l + tA^) 
Indeed the dominant monomials appearing in Et (to) are to and YotA^^%Y2+YgtA:^^Y2 = {l+t-'^)m'. 
In particular: Pm',m{t) — t^^. 

( 2 -2\ ~ ~ 

6.4.4. Example in non-simply laced case. We suppose that C = I ^ ^ j and to = l2,o^i,5- The 

formulas for i?t (^2,0) and i?t(Yi^5) are given is section |H1 We have: 

Et{m) ^ Lt{m) + t-^Lt{m') 
where to' = tY2,oYi^^A:2}2^iA ^ B''^^ and: 

Lt(TO') = Ft{m') = tf2,on.5i^2^M(l + tA^li^ + tA2}il + iirj))) 
Indeed the dominant monomials appearing in Et{m) are to = ^2, 0^1,5 and ^2,oi^2^2^^r,4^i,5 — t^^m'. 
In particular Pm'.rn{t) = 
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7. Questions and conjectures 

7.1. Positivity of coefficients. 

Proposition 7.1. If q is of type An (n > 1), the coefficients of Xq.t{Yi,o) are in N[t^]. 

Proof: We show that for alH G / the hypothesis of nroposition lOTI for m — 1^ o are verified; in particular 
the property Q of section [233] will be verified. 

Let i be in /. For j e /, let us write E{Yifi) — J2 \j{m)Ej{m) G where Xj{m) € Z. Let D be 

the set D ~ {monomials of Ej{m) /j £ I,m & Bj,Xj{m) ^ 0}. It suffices to prove that for j £ I, 
m £ Bj Ci D ^ Uj{m) < 1 (because nronosition 15 . 1 71 implies that for all i £ I, Ft{Yifi) — ■7T^^{E{Yi^o))). 

As E{Yi,o) ~ F(Yifi), Yi^o is the unique dominant 3^-monomial in E(Yi^o). So for a monomial m £ D there 
is a finite sequence {mg — Yixi,mi, ...^mii — m} such that for all 1 < r < i?, there is r' < r and j £ I 
such that rur' £ Bj and for r' < r" < r, m^" is a monomial of Ej{m.r') and mr"m~,}_^ £ {Ajf/l £ Z}. 
Such a sequence is said to be adapted to m. Suppose there is j £ I and m £ Bj (1 D such that Uj{m) > 2. 
So there is to' < m in Z? n Bj such that Uj{m) — 2. So we can consider mo £ D such that there is jo G I, 
Too £ Bjg, Ujgijn) > 2 and for all to' < toq in D we have Vj £ I,m' £ Bj =^ Uj{m') < 1. Let us write: 

mo = Y,,^,iy,o,9" n"'o^' 

where for j ^ jo, rriQ^ = J| a finite sequence adapted to mo, a term Yj^ or i^o.?™ 

must come from a Ej^+iirni) or a £'j„_i(mi). So for example we have toi < too in D of the form 
TOi = Yjg^qmYjg^iqi-i Y\ m^i^ . In all cases we get a monomial mi < too in D of the form: 

But the term Yj^^i gi^i can not come from a Ej^{m2) because we would have Uj^{m2) > 2. So we have 
TO2 < mi in D of the form: 

This term must come from a Ej^-i, Ej^+^. By induction, we get tum < mo in D of the form : 

j^l,..,n 

It is a dominant monomial of D C fy^.o which is not 1^,0- It is impossible (proof of lemma lO^ . □ 

An analog result is also geometrically proved by Nakajima for the ^Z?i?-case in ^2] (it is also algebraically 
for ^D-cases proved in Those results and the explicit formulas in n = 1,2-cases (see section |Hl 

suggest: 

Conjecture 7.2. The coefficients of FtiYi ^) = Xg,t(^i,o) o,re in 

In particular for m £ B, the coefficients of Et{m) would be in N[i^]; moreover Xg,t(^i,o) and Xg(^i,o) 
would have the same monomials, the t-algorithm would stop and Im(xq,t) C 3^t. 

At the time he wrote this paper the author does not know a general proof of the conjecture. However 
a case by case investigation seems possible: the cases G2,B2,C2 are checked in section |S| and the cases 
F4, Bn, Cn {n < 10) have been checked on a computer. So a combinatorial proof for series C„ (n > 2) 
analog to the proof of proposition 17.11 would complete the picture. 
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7.2. Decomposition in irreducible modules. The proposition 141 suggests : 
Conjecture 7.3. For m £ B we have 7r+(Lf(m)) = L{m). 

In the ADE-case the coniecture lT.^il is proved by Nakajima with the help of geometry ([El)- In particular 
this conjecture implies that the coefficients of 7r+ (Lt(m)) are non negative. It gives a way to compute 
explicitly the decomposition of a standard module in irreducible modules, because the conjecture 17. ,31 
implies: 

E{m) = L{m) + ^ P„,.,™(l)L(m') 

m' <m 

In particular we would have Pm',m(l) > 0. 

In section l?).4.^^l we have studied some examples: 

-In proposition lfi.l4l for Q = SI2 and m e B such that Vl G Z, u;(m) < 1: we have 7r_|-(_Lt(m)) = F(m) — 
L{m) and: 

E{m) = ^(™') 

ni' /m' <.m 

-For Q — SI2 and m — Y^Y2'. we have 7r+(Li(m)) = ^(10)^(^0^2) = L{m) and: 

E{Y^Y2) - L{YiY2) + L(ro) 
Note that L{Y^Y2) has two dominant monomials YqY2 and Fo because YqY2 is irregular (lemma^^l- 

-For C — B2 and m = l2,o^i,5- The 7r+ (if (12,0^1,5)) has non negative coefficients and the conjecture 
implies £(^2,0^,5) = ^(^2,0^,5) + L{Y^,i). 

7.3. Further applications and generalizations. We hope to address the following questions in the 
future: 

7.3.1. Iterated deformed screening operators. Our presentation of deformed screening operators as com- 
mutators leads to the definition of iterated deformed screening operators. For example in order 2 we 
set: 

7.3.2. Possible generalizations. Some generalizations of the approach used in this article will be studied: 

a) the theory of (/-characters at roots of unity (0) suggests a generalization to the case — 1. 

b) in this article we decided to work with 3^t which is a quotient of 3^„. The same construction with 
yu will give characters with an infinity of parameters of deformation tr — exp(^ /i^'^'^'c/) (r e Z). 

l>0 

c) our construction is independent of representation theory and could be established for other gener- 
alized Cartan matrices (in particular for twisted affine cases). 
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8. Appendix 

There are 5 types of semi-simple Lie algebra of rank 2: Ai x Ai, A2, C2, B2, G2 (see for example jH])- 
In each case we give the formula for E{1), E{2) g ^ and we see that the hypothesis of nronosition l5.17l is 
verified. In particular we have Et{Yi,Q) ^ T:-^{E{l)),Et{Y2S)) = t:-^{E{2)) e 

Following [3, we represent the E{\),E{2) £ as a / x Z-oriented colored tree. For x ^ the tree 
is defined as follows: the set of vertices is the set of 3^-monomials of X- We draw an arrow of color (i, /) 
from mi to TO2 if = A'^nii and if in the decomposition x~ J2 i^mLi{m) there is M g Bi such that 

m£Bi 

fJ^M ^ and mi, 7712 appear in Li{M). 

Then we give a formula for Et{Yifl) , Et{Y2fi) and we write it in ^i^t and in R2,t- 



8.1. Ai X ^i-case. The Cartan matrix is C 
computations keep unchanged for all ri, 7-2). 



2 
2 



and ri 



r2 



1 (note that in this case the 



^1,0 and Y2.0 
1,1 



^1.2 



Y~i 

loo 



8.2. ^2-case. The Cartan matrix is C 



Et{Yi,o) - 7r~\Yi,o + Y{;^^) = Yi^o{l+tAi \) G i^i,* 

= ^1,0 + Y12 £ ^2,t 

Et{Y2fl) = ^'\Y2^^ + Y^^^) = Y2fl{\+tA^\) e Si2,t 

= ^2,0 + ^2,2^ ^ -^1,* 

2 -1' 



-1 2 



. It is symmetric, ri = r2 = 1: 



Yifl and Y2^o 



1,1 



2,2 



y-l 
^2,3 



2,1 



^1,2^^2,1 ^2,2^^1,1 



1,2 



= yi,o+ : n:2'^2,i : (1 + ti^a) G •*?2.t 

EtiY2,o) = 7r-i(r2,o + K,:2'>^i,i + n:/) = ^^2,0(1 + tA^l) + y^;/ e j^2,, 

= ^^2,0+ : ^'2:^'^'ia : (1 + tAi l) e J?i,t 
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8.3. C2, -B2-case. The two cases are dual so it sufSces to compute for the Cartan matrix C 
and ri = 1, r2 = 2. 

^1,0 and 5^2,0 
1,1 2,2 

yiaY^^l ^274 ^1,1^1,3 

2,3 1,4 

1,5 1,2 

^1,6^ ^1,3^^1,5^^2,2 
2,4 

y-l 
-^2,6 

Et{Yi,o) = 7r-i(yi,o + 17^' 1^2,1 + 1^275' i"i,4 + 1776') 

= yi,o(l + ii7i)+ : I275 ^1,4 : (1 + ^^75) e Ai,t 
= yi,o+ : yi72' 1^2,1 : (1 + ii^s) + ^ifi e J^2,t 

Et{Y2fi) = 7r-l(y2,o + 1^274 1^1,11^1,3 + 1^1,11775 + 1773'1775'1^2,2 + 1^276') 

= y2,o+ : 1^274 i^i,ii^i,3 : (1 + tA^X + t'^7i^72) + 1^276 e ^i,t 

= y2,o(l + ii272)+ : 1^1,1^75' : + : 1^73 1775 l2,2 : (1 + ii274) G ^2,t 
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8.4. G2-case. The Cartan matrix is C = 



2 -3 
-1 2 



and ri = 1, r2 = 3. 



8.4.1. First fundamental representation. 



2,4 
1,7 
1,5 
2,8 



2,11^1,10 
1,11 



1, 

y-l 
■^1,12 



i^t(yi,o) = 7r-^(Fi,o + n72'y2,i + ^277 ^1,4^,6 + 1^,411,6 + ¥,-^¥,^¥2,5 + Y^-.'.Yi^^o + ^712) 
= yi,o(l + A^^,)+ : ^27/^1,4^1,6 : (1 + tA^} + *'^r,7^r,5)+ ■ ^27i\^l,io : (1 + ^^mi) e Ri,t 
= yi,o+ : yi7/F2,i : (1 + : ^1,4^1,6 : + : ^76^78^^2,5 : (1 + tA^^s)+ ■ ^7x2 ^2,t 
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8.4.2. Second fundamental representation. 



^1,7^1,5 ^1,3 ^2,4^2,2 



^2-;8'Vo^l-9^1.7Fl,5 



1,2 



l2,0 
2,3 

^2,6^^1,5^1,3^1,1 
1,6 

^1,7^^1,3^1,1 
1,4 



^2,4n>'^i:5'^i,i 




^2,2^^2,10^1,9^1,3^ 



^2,8^^1, n^l, 75^1, 5 



1,8 

nain;9'>^i,5 

1,6 

^l,n^l,9 ^1,7^^2,6 
2,9 



y-1 
■'^2,12 



2,7 



^2,10^1,9^1,1 



1,10 



^41^1,1 



1,10 



2,5 



1,2 

1 1Z-1 



^2,2^:1^^:3' 



Et{Y2fl) = 7r-^(y2,0 + >'2:6'^l,5>^l,3n,l + Yi7/yi,3>^l,l0 + y2, 4^7/^175 ^1,1 + J nT^'n^B' ^2,4^2,2 
+ ^2,10^1,9^1,1 + ^2,4^2,8^ + ^2,2^2,10^1,9^1,3^ + ^l,n^l,l + ^2,8^^2,10^1,9^1,7^1,5 + ^2,2^1,^^1,3^ 

+^278^ ^i7n ^1,7^1,5 + ^Mi^M^i-S + ^i7n^M^i77^-^2,6 + 5^2712) 
We use the following relations to write EtiY'2fi) in R\^t and in ^2,t'- ^1,2^2,7 = ^2,7^1,2, ^2,5^2,7 = 

A-2.7A2.5, ^1,2^1,10 = ^1,10^1,2, ^2,5^1,10 = ^1,10^2,5- 

^t(y2,o) = ^2,0+ : ^276 ^1,5^,3^1,1 : (l+iA7i(l+iA7_i(l+tii7i)))+ : ^2710^1,9^,1 : (l+tir,2)(l+i^Mo) 
+ : 1^2,4^278 : + : ^'2->'^^27io*'i,9n,7yi,5 : (1 + tAi;lo(l + t^r,8(l + tAi^e))) + G -^i,* 
= F2,o(l + ^^7,3)+ : ^:>'yi,3yi,i : + : ^2,4^7/^75 ^1,1 ■ (1 + ^^77) 

+ : ^7/^75 n:3'^'2,4r2,2 : (1 + ii277)(l + ^^75)+ ^ ^a'l^l,! ^ + ^ , 2 ^73^ : (1 + ii275) 

+ : na\n7j'^i,5 : + : na\n7*'n>'^'2,6 : (1 + ^^79) ^ ^2,t 
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Notations 




A 


set of 3^-monomials 


d[T21 




set of -monomials 


nITil 


A inv Rinv 

m ' m 


set of -monomials 


pE3 


oo 

A 

At 


J J. 11 
product module 


pEH 


a 


map (/ xZy 


pd 


a{ni) 


character 


pEEI 


r 1 

ai[m\ 


element of Ti. 






elements of yu or 3^t 


pCI 




elements of y 


pH 


B 


a set of iV-monomials 


pd 


Bi, Bj 


a set of ^-monomials 


pd 




symmetrized 






Cartan matrix 


pIHl 


P 


map (/ X Z)2 ^ Z 


pd 




Cartan matrix 


pH 




inverse of C 


pl 


Cr 


central element of H 


pM 


d 


bicharacter 


pd 




set of monomials 


pEi 




submodule of y^ 


pEi 




element of ^ 


pd 


Ei,tim) 


element of 


piai 




map 


pEl 


Eim) 


element of ^ 


pEl 


Et{m) 


element of 


pEl 


F,{m) 


element of ^ 


pE2 




element of 


pEB 


F{m) 


element of ^ 


pEI 


Ft{m) 


element of R'^ 


pEi 


7 


map (/ X Z)2 ^ Z 


pd 


n 


Heisenberg algebra 


pEl 


H+,n- 


subalgebras of H 


pd 


'Hh 


formal series in Ti, 


pEI 


Ht 


quotient of Hh 


pd 




subalgebras of Tit 


pd 


i^i , a J , M. 


subrings of y 


pd 




subrings of 3^t 


pEOI 


QOO (500 QOO 


subrings of y^ 


pEI 


Xq 


morpliism 






of g-characters 


pEI 


Xq.t 


morphism 






of q, ^-characters 


pd 


Li{m) 


element of ^ 


pd 


Lt{m) 


element of 


pd 


: m : 


monomial in A 


pd 


rh 


monomial in At 


pd 




characters, bicharacters 


pd 


Pin) 


property of n G N 


pEl 



TT 


map 


p|12| 


TTr 


map to Z 


rm 


7r+,7r_ 


endomorpnisms oi 






Wh, Ht 


pd 


9 


complex number 


pH 


Q[n) 


property of n e N 


dI28I 


Rep 


Grothendieck ring 


pli 


RePt 


deiormed 






Grothendieck ring 


D ItizI 


s(mr)j, s(mr) 


sequences oi \ 


pliiSJI 


c 


screening operator 


r-» 11 71 


Q 

'Ji,l 


screening current 


pll^ 


Q 

>Ji,t 


i-screening operator 


p|i^ 


i 


central element of ~))t 


PLUJ 


in 

li. 


fpntr^il plpiTiPnt of "V^ 


nl8l 




mnltinlicitv of VI- / 


nIT2l 


Ui 


sum of the Ui i 


n[T2l 


il 


subring of Q(g) 


dH 




Quantum 






afHne algebra 


dH 




Cartan algebra 


pH 


X,,i 


element of Rep 


pH 




element of Ji 


pH 




elements of y 


pEI 




elements of y.u or yt 


pH 


y 


subalgebra of Hn 


pEI 


yt 


quotient of 


pd 


yt,yt 


subalgebras of Jit 


pd 


yu 


subalgebra of Hn 


pEI 


y^,t 


3^t-module 


pd 


y^,u 


3^u-module 


pd 


yrX'" 


oo 

submodules of At 


pEl 


yfX^" 


submodules of yt 


pEl 


z 


indeterminate 


pEI 




endomorphism of 






H/i, y^ yt 


pd 


* 


deformed 






multiplication 


pEl 
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